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Conceptual and Procedural Approaches to Problem-Solving 



Yudariah B inte Mohammad Yusof 

Department of Mathematics 
Universiti Teknologi Malaysia 
Locked Bag No 791, 80990 Johor Bahru 
Malaysia 



David Tall 

Mathematics Education Research Centre 
University of Warwick 
Coventry CV4 7AL 
United Kingdom 



The introduction of problem-solving strategies has been shown to change students * 
attitudes to mathematics in ways that professors consider desirable. But does it 
change their overall strategies for doing mathematics? This paper reports data 
taken from students solving problems co-operatively who exhibited an overall 
improvement in attitudes (see Mohd Yusof &. Tall , 1995). It indicates that some 
students who had said that “mathematics makes sense " approached problems in 
an open, creative way but that some lower attaining students who had stated that 
“mathematics does not make sense" treated problem-solving techniques as a 
new sequence of routine procedures. 

There is a growing awareness that many university students are successful in learning how 
to carry out routine procedures to pass examinations,yet may not encounter experiences to 
encourage them to be creative and reflective. They are often given lectures that consist of 
theorems and proofs which do not encourage them to think mathematically . Problem-solving 
is seen as just a skill to be acquired. Studies have shown that the traditional approach is 
failing the majority of the students, not only the average students but more disturbingly 
also successful students. Students find great difficulties in constructing their own 
mathematical understanding (Davis & Vinner, 1986; Martin & Wheeler, 1987; Sierpinska, 
1988; Eisenberg, 1991; Williams, 1991) and have a narrow view of the mathematics that 
shapes their mathematical behaviour (Schoenfeld, 1989; Vinner, 1994). Such difficulties 
were observed among Malaysian students (Mohd Yusof & Abd. Hamid, 1990; Razali & 
Tall, 1993). Nevertheless, research findings indicate that thinking mathematically or 
problem-solving can be taught with some success. For instance, Mason & Davis (1987) 
explored how people can develop their mathematical thinking, learning, and teaching by 
reflecting on their own experience. They argued that the technique of using meaningful 
vocabulary can help students to become more reflective and effective in mathematical 
learning. It was observed that students not only notice the use of the vocabulary and advice 
from tutors, but also remember it when the same language pattern (e.g. specialising, 
generalising, colloquial comments such as “What do I want?” etc.) was repeatedly used 
and their attention was explicitly drawn to it. Mohd Yusof & Tall (1995) reported that a 
course which provides students with experiences of sharing problem-solving activities has 
the effect of changing students* attitudes. Prior to the course the students generally regarded 
mathematics as abstract facts and procedures to be committed to memory, and had a range 
of negative attitudes such as fear of new problems, being unwilling to try new approaches, 
and giving up all too easily. After the course, students* attitudes changed in a positive 



direction. In this paper we investigate whether this change in attitude is accompanied by 
successful change in strategies for solving problems. 

To investigate the manner in which students attack a problem, six groups were selected and 
given a problem which was relatively easy to state but did not have a straightforward 
algorithmic solution. The students taking part in the research were a mixture of third, fourth 
and fifth year undergraduates aged 18 to 21 in SSI (Industrial Science, majoring in Math- 
ematics) and SPK (Computer Education), covering the full honours degree range. They 
had responded to a questionnaire in which they had been asked to indicate whether math- 
ematics “makes sense” to them. Half the students agreed and half disagreed. Interestingly , 
the two groups had almost identical distributions of achievement in their previous year *s 
examination. (Table 1.) 





Degree Classification 


I 


IM 


II-2 


IU 


P 


F 


Group S 


3 


11 


7 


1 


0 


0 


Group AT 


3 


13 


5 


1 


0 


0 



Table 1 : Students for whom mathematics makes sense (Group 5) and does not (Group //) 

During the problem-solving course they had been encouraged to work in self-selected 
groups of three or four students. Several groups (by chance) consisted either entirely of 
students who declared that mathematics made sense (S) or that it did not (AO. From these, 
three groups were chosen with all students in group S and three groups with students in 
group N. (Table 2.) 



group 1 (S) 
group 2 (S) 
group 3 (S) 
group 4 (N) 
group 5 (N) 

group 6 (N) 



Students 


Course 


Degree 

Classification 


Gender 


Maths 

“makes sense” 


Sam 


5 SPK 


II-l 


M 


5 


Abel 


4 SPK 


II— 2 


M 


s 


Henry 


4 SPK 


II-l 


M 


s 


Sue 


4 SPK 


I 


F 


5 


Teresa 


4 SPK 


II-l 


F 


s 


Sasha 


5 SPK 


II-l 


F 


s 


Rob 


3 SSI 


ll-t 


M 


S 


Kline 


3 SSI 


II-l 


M 


s 


lan 


3 SSI 


I 


M 


s 


Hanna 


3“3FR 


li-i 


F 


ft 


Katy 


5 SPK 


i 


F 


N 


Terry 


5 SPK 


i 


M 


N 


Bob 


3"5pR 


1 1-2 


M 


ft 


Yvonne 


5 SPK 


II-l 


F 


N 


Alma 


4 SPK 


II-l 


F 


N 


Pauline 


5 SPK 


II— 2 


F 


N 


Matt 


" 3"5pK ~ 


II-l 


M 


N 


A1 


4 SPK 


II— 2 


M 


N 


Holmes 


5 SPK 


III 


M 


N 


Ricky 


5 SPK 


1 1-2 


M 


N 



Table 2 : The 6 groups of students selected for interview 
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Each group was invited at an appointed time for the session that lasted 40 minutes. The 
first 10 minutes served as a relaxing phase whereby the students were simply asked to talk 
about their mathematical experience at the university. For the next 30 minutes, they were 
given a problem to work on, as follows: 

A man lost on the Nullarbor Plain in Australia hears a train whistle due west of him. He cannot 
see the train but he knows that it runs on a very long, very straight track. His only chance to 
avoid perishing from thirst is to reach the track before the train has passed. Assuming that he 
and the train both travel at constant speeds, in which direction should he walk? 

Mason, Burton & Stacey, 1982, p. 183. 

After being presented with the problem the students were left entirely on their own and 
their attempts in solving it were observed without any intervention. The interview then 
focused on the students’ interpretation of their problem-solving experience. 

During the course the students had been encouraged to view their activities in three phases 
- entry, attack and review, with appropriate activities for each (Mason et al, 1982). The 
purpose of the research was to see if the students used this structure as a framework for 
meaningful problem-solving. 

The interview data provided some evidence of qualitatively dif ferent thinking between the 
various groups. For instance, the following excerpt from the beginning of the solution 
process when the students were in the “entry phase” indicates differences in mathematical 
understanding. 

Students in group 1 spent a few moments establishing the meaning of “constant speed” and 
finally agreed it mean that both train and man were moving at different speeds. 

ABEL: Constant speed ... 

HENRY: The speed of the train must be the same. 

SAM: It is not the same. 

HENRY: Constant. 

SAM: Constant means it does not increase or decrease. 

ABEL: ... the train travels say at 40 mph, Ali [the man] 4 mph. Ali will always travel at 4, the train 
always at 40. That is constant speed. 

SAM: 1 agree. 

HENRY: Hmm ... 

ABEL: It is not the same speed but constant speed. Ali can be faster than the train ... . 

SAM: Ali and the train do not move the same, not at the same speed. But at their respective speeds 
... the same speed all the time. group J (S) 

In contrast, group 6 students started from the misconception that constant speed meant that 
both man and train move at same speed. They quickly agreed with the meaning and no 
further reference was made to their interpretation of ‘constant speed’ until the end. 

MATT: ... constant speed. 

AL: It means the same I think. 

HOLMES: Constant speed .... it’s the same. 

MATT: Uniform ... 

AL: It means the man moves with the train at the same speed. Now OK . . . 





group 6 (N) 



During the problem-solving, it could be seen that three of the six groups (the lower attain- 
ing N groups 5 and 6 and the younger S group 3) followed the techniques taught in the 
problem-solving course very rigidly. Of these three, the two N groups seemed to be doing 
it more religiously than the S group. They were more concerned to cover each phase in a 
sequence and could be seen to be working procedurally throughout. They interpreted the 
problem-solving technique as a procedure that they must follow step by step; it was as if 
they believed that precision in following each phase would guarantee them a solution. 
Most of their time was spent looking for formulas that could be used. 

PAULINE: We have already understood the question . We have introduced what we want, what we 
know. We have done that. OK now we can enter the attack [phase]. 

YVONNE: What is the formula? 

BOB: Speed times time. 

YVONNE: The time is the same. The speed is ... 

ALMA: We need to define speed first. \\*j, — > — 

BOB: I should remember how to do ^ A * ^7 

this. ... Oh yes! speed is distance di- * 

vided by time. * too 

PAULINE: Now the distance, we don’t “ ^ 5 10 

know how much, right? The distance m«-» * “ 1^ 

between the man and the train. ^ ^ 

BOB: Let us assume the speed of the - l oo J * to 

train is 100. the man 10 d 1000 

ALMA: OK we did some specialising A-U k - 10 x. /o 

group 5 (N) 2 ; 1 0 0 ^ 

MATT: So. first we go to the entry phase. 

AL: OK. That is what we know, Now what we want is the direction in which the man should go. 

MATT: Anybody feel stuck or anything. The question is clear isn’t it? 

RICKY: The concept of intersection. That is what we can say. 

HOLMES: The intersection point is the place the man has to go. 

MATT: OK, now we go to the attack phase. group 6 (N) 

ROB: We are stuck at this point. 

KLINE: Stuck. OK. write down we are stuck. 

IAN: Let s go back to what we want. What we want is the direction in which the man should walk. 
Direction, the man should go ... west, east 

ROB: We are confident our assumption is correct so far. OK now we enter the attack phase. 

group 3 (S) 

In none of these beginnings of solutions have the students thought in a broader conceptual 
fashion, for instance to consider the direction of the train, or to draw a diagram. The other 
groups were more involved in considering plausible ways to solve the problem by creating 
their own solution method. 
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SAM: OK, so we conjecture that the train is moving towards the west. That is according to your 
understanding. But I have another suggestion. To me. ..we go back to entry phase OK 9 
ABEL: OK, I got it. 
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HENRY: No, no, no. Hang on. The train is mov- 
ing to the west. . . . But why should the man walk 
in this direction [pointing to the top diagram]? 
Why do you say that? 

SAM: It is like this. Now this is just my idea. . . 
Say the man is here [drawing the next diagram] 
... So he cannot go this way, otherwise he will be 
moving parallel to the track and may never reach 
the train. 

HENRY: So according to what you say, the 
direction the man should walk is this one, to the 
north. OK, we can conjecture that. 

ABEL: We have now answered the question. Now 
we want to justify whether it [the conjecture] is 
correct or noL group 1 (S) 

In groups 2 (S) and 4 (N) one of the students 
thinks the train is moving west but others cor- 
rect her and widen the issue: 

TERESA: ...The train is moving to the west. 
SASHA: Where does the train come from? 
SUE: That is the problem. That is what we want 
to find out, it relates to the direction we 
want to go. 

SASHA: Hmm ...We are stuck! 

SUE If we know from where [the train is com- 
ing], we can find out where we want to go. 
TERESA: Suppose we look at it this way. First 
say the man is here [pointing to a point on her 
paper]. Now we define where is his east, his west 

group 2 (S) 





HANNA: We are wasting our lime . . . What I know, the question says, the train is moving towards 
the west. So the man must go towards the west as well. 

TERRY: No! The question does not say the train is going west. But he heard [the whistle] due west 



of him. 

KATY: Yeah, that is my understanding too. The 
man heard the train whistle due west of him. But 
this does not mean that the train is moving 
towards the west. We cannot come to that 
conclusion. 

TERRY: How do we know from the whistle that 
the train is moving west or east... What is your 
reasoning? 

TERRY: OK, that’s it. So we conjecture that the 
man should walk to the north. I think we have a 
solution to the problem. But we are not finished 
yet, we need to justify this conjecture first. 

group 4 (N) 
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Four of the six groups (the three S groups 1, 2, 3 and the higher attaining N group 4) gave 
some evidence that they are able to carry out the mathematical processes to some extent. 
They show that they are capable of making judgements on the content and in making 
mathematical decisions for themselves. They also question the meaning of the task. 

The problem is very challenging. It does not require a specific formula or procedure that you have 
to apply to solve iL It is quite difficult. We got an idea what the answer is but to prove it is the 
hardest part. group / (S) 

We only managed to understand the question better towards the end of the discussion time. But I 
think we can solve the problem if we have more time. It is not difficult, but to generalise and to 
prove is very difficult ... We will keep on thinking about it until we get the answer, group 2 (S) 

The problems in the problem-solving course are interesting. Like this one. We have to think, work 
out what we want, what we do know before we actually work out what we don’t know. ... The 
course is beneficial. It makes us sit down and see where to start. group 3 (S) 

However, the other two N groups (5 and 6) have the notion that mathematical problems 
consist of direct application of facts and procedures. Their lower attainments on their ex- 
aminations suggests they have less secure knowledge to bring to the solution process. Thus 
they are in an interesting position where they have built up their confidence to tackle prob- 
lems and yet they find the problems very difficult. 

We tried to generate a few possible ideas. But we felt a bit put off because we couldn’t recall the 
formulas. ... The problems are totally different from those in the maths course. In maths we 
always know what method to use. Here we have to find it out for ourselves. ... I think we have 
more confidence now. Before the [problem-solving] course we probably would have given up 
very easily. group 5 (N) 

We found it [the problem] very difficult. We are unsure of which formulas or methods to use. Even 
if we got a solution, we don’t know whether our solution is right. ... Unlike problems in the 
problem-solving course, most of the problems in the maths course are simply applications of a 
ready rule. There is always a definite answer at the end. group 6 (N) 

Discussion 

Although none of the groups could provide a complete solution to the problem within the 
time limit, they were at least able to tackle the problem to make a start. All the student 
groups were very willing to tackle the problem without any overt sign of anxiety. Even 
though the problem remained unfinished, all three S groups and the higher attaining N 
group 4 considered that they could solve the problem given more time, (although based on 
their responses this may involve a lot more effort than they may have thought). Meanwhile, 
the other two N groups were seeking formulae appropriate for a solution and using the 
overall strategy of problem-solving as a procedure to attack the problem. Their response to 
problem-solving shows the same procedural format as their approach to traditional 
mathematics problems. 

Byers & Erlwanger (1985) note that memory plays an important role in the understanding 
of mathematics. However, they suggest that it is what is remembered and how it is 
remembered that distinguishes those who understand from those who do not. Mathematical 



concepts are abstract entities requiring mental effort to construct relationships between the 
ideas. The students involved in this research have previously followed courses which place 
great demands on success in learning procedures and applying them to solve related problems 
so that they perceive mathematics more as a fixed body of knowledge to be learnt. 

The problem-solving course has had various positive outcomes, for instance, the students 
have experienced the fact that not everything they do has to be immediately correct. If they 
were to fear making erroneous conjectures, the may not be able to solve any real problems. 
Although it is essential to get the right answer by the end of the process, it is evident that 
after the course, the students see that it is how they obtain an answer which is more impor- 
tant; making the intellectual journey to find the right methods and correct reasoning. It is 
possible to conjecture that the students’ success in problem-solving during the course was 
sufficient to give them a sense of well being. 

Although the students show little emotional reactions when solving an unexpected prob- 
lem, opinions expressed in an attitudinal questionnaire suggest that group 2 have a positive 
attitude before and after the course. The majority of those in groups 1, 3 and 4 became 
more positively inclined during the course. Group 5 and 6’s negative attitudes lessened 
during the course. The diminishing of fear and anxiety may be related to Skemp’s (1979) 
idea of avoiding failure, and a perceived increase in confidence during the course involves 
seeing the task more as a goal to be achieved. In the case of all these students, there was a 
general sense of satisfaction expressed at the end of the problem-solving course. However , 
from the evidence of these investigations, it is clear that, for some, doing things procedurally 
is not an anti-goal for them as suggested by Skemp. To some of the students it is a goal, but 
it is a less suitable kind of goal. 

Summary 

The students involved in this research have long since learned that what matters most is to 
be able to carry out the procedures to do the mathematics. During the problem-solving 
course, although the majority of students showed that they are capable of carrying out the 
various processes of mathematical thinking and engage actively in problem-solving, the 
interviews emphasise that there are differences in the quality of the students’ thinking. For 
instance for some lower attaining students for whom mathematics does not make sense, 
when faced with a problem appear to be more concerned about recalling and applying 
learned techniques to solve the problem rather than looking for insights, methods and rea- 
sons. Perhaps their contextual understanding of mathematical concepts is limited. Thus 
they lack confidence in carrying out the mathematical performance. Their reaction to the 
given mathematical problem gives an indication that they see problem-solving as just another 
procedure. While problem-solving, their emphasis is on applying learned techniques or 
ready rules to the task. They were using a procedural method and were not truly doing 
problem-solving. Their recorded discussion gave an indication of the way they do math- 
ematics — in a procedural and non-conceptual way. After the problem-solving course, the 
tendency to lay emphasis on procedural aspects remains. 
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TEACHING DIFFERENTIAL EQUATIONS TO CHEMISTRY AND 
BIOLOGY STUDENTS: AN OVERVIEW ON METHODOLOGY OF 
QUALITATIVE RESEARCH. A CASE STUDY. 
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Universidad Autdnoma de Barcelona 

ABSTRACT: Intending to quest about the conceptions math teachers hold about how 
to teach Differential Equations to chemistry and biology students, we have devised a 
research tool which allows us to derive relevant information . We use different means 
to collect the adequate data related to the qualitative research, targeting the 
exploration of what teachers ", say they do" and what "they do and would like to do". 
The use of concept maps and a questionnaire, along with a recorded interview, has 
revealed itself as an accurate means for the appropriate interpretation and analysis 
of data, as shown in the case study we hereby include. 

1 - Introduction 

Concern about the teaching of advanced level mathematics and Artigue's (1989) 
studies on the learning of Differential Equations (D.E.) by students of Physics has 
motivated the interest in knowing and further exploring certain aspects of the 
teaching of mathematics in experimental schools, where both the discourse and the 
receiver of it merit a singular importance. 

Our first suspicion was that mathematical materials taught during the initial 
undergraduate courses, did no differ substantially despite the various technical 
and scientific background of the students. Consequently, our first inquest on this 
field unveiled that no specific mathematical discourse existed for biologists and 
that the only variations, within the same mathematical contents taught in other 
schools, were based on the assessment level required. From this evidence, we 
established the research hereby (Moreno, 1995), which has allowed us to carry 
out an analysis and a deep reflection on some of the aspects of D.E. teaching in 
experimental science schools, keeping always in mind a math teacher's 
perspective. 

D.E. make a segment of mathematics which has both historically and socially 
activated the interest among experts and profanes. History reminds us how 
problems in the area of Physics and Geometry acted as the propelling engine for 
D.E. to develop. Additionally, D.E. are highly interdisciplinary and their 
applicability outside the strict mathematical domains suggests interrogations of 
heterogeneous essence. 

In view of what has so far been stated and taking into account the exploratory 
character of this study, we did no pre-establish any research hypothesis, although 
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we actually selected some interest focus over which we wanted to articulate our 
scrutiny: 

i) examine into the concept images educators have about teaching D.E. to 
experimental science students. 

ii) discern and unveil different obstacles and difficulties for the "teaching 
transposition" from the "savoir savant" to the "savoir h. enseigner" (Chevallard, 
1991) 

2 - Theoretical Framework 

The theoretical basis for this study lays on certain mutually complementing 
cognition, teaching and pedagogical aspects, so as to build up an explanation 
model accounting for the observed, discerned and unveiled facts. So, we have 
given especial emphasis on the notion of "concept image" as developed by Tall 
and Vinner (1981), later re-elaborated and variegated by Vinner and Dreyfus 
(1989), Dreyfus (1990) and proved useful by Azc£rate (1990) through her 
research on the notions of straight line gradient of derivative; we have assigned 
due relevance to the links between existent concept images and the representation 
and abstraction processes which underpin cognitive growth: Tall (1994, 1994a, 
1994b, 1995), Dreyfus (1994) and Sfard (1991, 1994). 

Other features have been taken into account which refer to teachers: attitudes and 
beliefs about the various elements involved in the education system, elements in 
decision-making, in planing and teaching style. 

3 - Research methodology 

The main interest of this report lies in this section. Considering the fact that the 
evidence from which we have reflected and drawn our conclusions comes from 
teachers' views and opinions, we decided to use various means for data gathering, 
in view to "validating" the information each of them would provide (Miles & 
Hubermann, 1987). 

Participants in this study are four mathematicians, teaching staff in Mathematics 
Faculties who carry their teaching pursuit in chemistry or biology faculties of two 
different Spanish Universities. Because of their professional pathway and of their 
teaching demands, all of them have been teaching D.E. subjects for years, so they 
are fully and deeply acquainted with the topic. 

The means for data gathering drawn up for all four sample teachers were: 

- A concept map (C.M.) of the teachers conceptions about how to teach D.E. to 
chemistry and/or biology students. 

- A questionnaire with four issues. Each issue had some open and closed questions 
about concepts and procedure viewpoints for the resolution of particular D.E.; 
additionally, some of those questions referred to various methodological facets 
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of their teaching. One of the questions in particular presented two different 
response solutions by two different students to a modeling problem; the teachers 
were asked to give their views on these two ways of solving the problem and 
about the concept and pedagogical aftermaths implied in them. 

Additionally, various work materials provided by each teacher were available. All 
those work instruments were glued by means of a recorded interview, about one 
hour and a half long. 

The purpose of the C.M. was to: gather information about the teachers' cognitive 
models on D.E. training, and try to grasp the significance and knowledge 
structure the teacher conveys to students. The purpose of the questionnaire was to: 
understand the teachers' view about particular concept and procedure aspects of 
the subject-matter, in itself, and as a complement to the concept map. The purpose 
of the interview was to: smooth up and clarify certain features both from the map 
and from the questionnaire which would not come up distinctly enough, otherwise 
risking an inaccurate interpretation of the gathered data. 

4 - Analysis of research tools 

4.1 - General analysis 

Analyzing the data was done keeping the recorded interview as a reference point; 
thus, an analysis of the "concept map for every teacher" was carried on based on 
"their recorded explanations". In order to analyze the "questionnaire" we 
proceeded on "a question at a time" base and we relied on the recorded interview 
hoping that certain nuances not clear enough in the responses would burst up. 

Finally, we tried to perform an "overall analysis" aiming at a consolidation of 
every teacher's features coming from all the sources available for us. This 
analysis ended up being very fruitful and plenty of particulars. 

4.2 * Individual analysis 
a) Concept map analysis 

Keeping in mind Novak and Gowin (1988), we devised our own qualitative 
analysis tool. The analysis was performed at two levels: micro-analysis and 
macro-analysis. 

Micro-analysis is a subtle and detailed one where semantic value of every straight 
and cross relationship contained in the C.M. was considered; additionally single 
words in the statements, degree of universality, semantic and syntactic 
congruence, kinds of links between words, etc., were considered as well. 

Macro-analysis aimed at grouping terms which would encompass secondary 
concepts not carrying new information aside from that contained in source 
concepts. Evolving from the initial concept structure, this analysis allowed us to 
consider new and more general concept structures providing a more global view 
of every teacher's conceptions. 



b) Questionnaire analysis. 

Closed questions were scored from 1 to 5, translating those values into a 
qualitative scale such as: 

1 2 3 4 5 

LOW NORMAL HIGH 

In order to ease the analysis of each item and in view of linking them to the 
specific targets of this study, we grouped them into three categories: different 
methods to solve D.E.; nature of submitted tasks; knowledge of and advantage 
taken from history. 

Open questions allowed us to grasp the degree of flexibility and ability on the 
teachers' side in their search for clashing and interesting situations capable of 
provoking querying attitudes among the students. 

Each question was analyzed at two separate descriptive levels: global and 
particular. At first level, participants' views were made explicit as far as the 
above mentioned categories were concerned. At the particular level, nuances of 
participants' answers upon items equally valued and which explanations reveal 
dissimilar motivations are made evident. 

4.3 - Research general conclusions outlook 

Analyzing the interviews was used as fulcrum for an accurate analysis of C.M.s 
and of questionnaires. Here is an outlook for some of the final conclusions: 

- We describe three teaching styles: traditional, transitional and advanced, all 
showing math pursuits of some math teachers. 

- Traditional and transitional styles focus training activities on process-like 
aspects, accumulating different techniques to solve D.E.; emphasis is given on 
training students to become competent D.E. solvers, leading to an incomplete 
development of D.E. "procept” (Tall, 1994a), to a faint flexibility of thought 
and to very poor conceptual designs. 

- Advanced style sets out D.E. as "mathematical objects" and "foundation 
instruments" to formally conduct continuous deterministic models. It favors 
handling different representation approaches, so enlarging students' richness of 
their concept images linked to the concept and of a variety of mutual 
interconnections. All this maximizes cognitive retrieval and flexibilises 
proceptual view of D.E. 

Next we summarize the analysis of one of the concept maps taken as a 
representative sample. 

5 - A case study: concept map for teacher "A” 

The following table summarizes the propositions appearing in the C.M. 
corresponding to teacher "A". 



1st LEVEL 


ALGEBRA 


ANALYSIS 


APPLIED MATHEMATICS 


2nd LEVEL 


MATHEMAT. 


T.QUALITAT. 


T-C 


JUANTIT. MODELISAT. 


3rd LEVEL 


EMPIRICAL KNOWLEDGE 


EXPERIMENT. SCIENCES 


4th LEVEL 


PHILOSOPHY 


NATURE 



5.1 - Micro-analysis 

Here are some of the aspects we highlight: 

- No previously established hierarchical order is to be observed, but rather a 
series of ideas linked to the idea of D.E. It relates D.E. with other mathematical 
areas: analysis, algebra, applied mathematics and modelisation. 

- It sets up a connection between "mode of mathematical thought" and "mode of 
empirical thought": 

[...] understanding mathematics is closely linked to applied mathematics. Therefore, it is 
linked to particular situations, and less to something one abstracts, i.e. what is called pure 
mathematics... [...] I think empiricism is one of the facets mathematical thought has. Let's 
say so, especially when it comes from within this descending chain: Mathematics, 
Empiricism and Philosophy. 

- The term modelisation leads him to analyze the importance of the specialist role 
who interprets the model and the difficulty in looking for the correct 
mathematical expressions. 

- Interpreting the model, whether performed from a mathematical stand pint or 
from any other knowledge field, alters the teachers discourse to produce 
conflicting situations and interferences "not always appropriate or desirable" 
with a knowledge field diverse from our own. Assessment of these difficulties, 
added to the situation, environment, subject targets and the students’ difficulties 
to assimilate all the information provided at a specific stage, influences the way 
the teacher acts, disposing away from his subject strategy the modelisation 
facets, increasingly focusing on a procedural approach to D.E. 

- He sees the relationship between Mathematics and Experimental Sciences as very 
important: 

"A particular science progresses in as much as it mathematises itself. Even though this 
relationship is not set out in a straight forward manner, it is obvious it exists...[...] it 
conveys something which is abstract or ethereal in a more specific way”. 

5.2 - Macro-analysis 

There are two very neatly separated branches to be observed in the C.M.: i) one 

which unifies more particular concepts around Mathematics; ii) another one 

which diversifies originating from Applied Mathematics. 

A first gaze at C.M. reveals: 




[mathematics 

EMPIRICAL KNOWLEDGE It * ' ' ' ~ 

CIogic2 > 

PHILOSOPHY K ' 



EXPERIMENT. SCIENCES 



A first zoom over C.M. will allow us to unify “concepts" and reach a C.M. with a 
central backbone axis. On the one hand, the cross connection between Applied 
Mathematics and Mathematics; and on the other, that of Algebra and Analysis 
with Mathematics, both granting us to consider a unique hierarchical level which 
includes Algebra, Analysis and Applied Mathematics, converging to the term 
Mathematics. From there on, the ascending chain keeps on including 
Experimental Sciences, among other components. 




Based on the relationship established between empirical knowledge and 
Experimental Sciences, we unify both terms into a unique term which reads 
"study of physical reality". Furthermore, we encompass the term Philosophy into 
a term which reads: "Nature and World", so that the C.M. would now display the 
following appearance: 



MATHEMAT. TOOLS | 



MATHEMATICS 



. APPLIED MATHEMATICS I 
Jr CModetisa t ionZ> 

PHYSICAL REALITY | 

♦ 



I NATURE & WORLD I 

Contained in this third approach, the main concepts are: Differential Equation; 
Pure Mathematics; Applied Mathematics; Physical world reality; Study of the 
world and of nature. 



Zooming once more, we perceive that the three main ideas underlying the whole 
thing are: MATHEMATICS / PHYSICAL REALITY / STUDY OF THE 
WORLD. His conception is fairly close to that of Newton and Leibniz, and to that 
of some sixteenth century mathematicians who tried to compound two very 



ERIC 



24 



4-16 



important aspects: Mathematics and Physical world reality. This way, the C.M. 
becomes: 



A deep reflection will make us aware that all the initial ideas in the initial C.M. 

are hereby represented. 

5.3 - Conclusions from teacher " A H, s conceptions 

- The global and universal pattern of teacher "A'"s C.M. conforms with his 
personal interest and curiosity about Sciences and Mathematics; this is a 
circumstance which is not matched with any corresponding direct transposition 
to everyday teaching practice 

- The global and universal pattern observed for this teacher may cut both ways 
and might worm against him. On one side, it allows him for more flexibility and 
gives him an overall view of Mathematics within Experimental Sciences; on the 
other, he is led to enhance enciclopedism and to present mathematics a an 
"object of interest in, and by, itself' independent from other knowledge areas. 

- Treatment of modelisation becomes a friction knob between what he "thinks" 
and what he "does". Importance given to this aspect of D.E. in the C.M., does 
not match its later treatment in the classroom. 

- This teacher's teaching practice shrinks down to a summation of algorithms and 
solving techniques to approach particular kinds of D.E. 

6 - Methodological conclusions 

- Richness of C.M.s, along with each teacher's recorded explanations, have 
provided such a variety of details and information that we have been able to 
analyze and interpret each participant's ideas at a satisfactory level of accuracy 
and objectiveness. 

- Both levels of analysis of C.M.s has been very valuable. First, micro-analysis 
has allowed for a fully detailed knowledge of participants' conceptions on D.E. 
teaching, and to access to very specific details, which would have remained 
hardly accessible otherwise. At the same time, macro-analysis has provided with 
very general ideas about basic aspects of the teaching and learning of 
mathematics, to which all teachers pay especial attention. 

- Despite difficulties in analyzing and coding the data, the methodology especially 
designed for this research is highly valued, endorsing its use as a tool for 
gathering and analyzing data related to the under way research. 
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LANGUAGE AND ASSESSMENT ISSUES IN MATHEMATICS EDUCATION 

Can ti ia Morgan 

Institute of Education, University of London 



Recent international concern with assessment is largely based on the assumption that close scrutiny 
of texts produced by students in the classroom context will provide valid evidence of their 
mathematical thinking and attainment. There are, however, contradictions between such an 
assumption and constructivist epistemologies. In this paper , it is argued that it cannot be assumed 
that a student’s linguistic production transparently represents his or her mathematical thinking. 
Examples are provided, supporting this conclusion, of readings of student texts produced by 
experienced teachers. The implications for teachers and students, for thinking about assessment, 
and for research are discussed. 



There has recently been considerable international concern with the development of new modes of 
assessment in mathematics (e.g. Houston, 1993; Lesh & Lamon, 1992; Niss, 1993). In particular, 
‘performance’ or ‘authentic’ assessment is being discussed: that is, assessment which actually 
attempts to assess the learning that takes place during everyday classroom activity, often involving 
teachers directly in the assessment process. However, in spite of increased teacher involvement in 
both everyday and ‘high stakes’ assessment (for example, in the UK, in teacher assessment of the 
National Curriculum and in assessment of ‘coursework’ as part of the GCSE examination at I6+), 
very little detailed research, either in mathematics education or in other areas of the curriculum, has 
considered teachers’ assessment practices (Torrance, 1995). In this paper, assumptions underlying 
these developments in assessment are questioned, drawing on analyses of teachers’ practices in the 
particular context of the assessment of reports of investigative work in mathematics (Morgan, 
1996). 



Most of the evidence available to teachers for assessment purposes takes the form of linguistic, 
symbolic and graphic texts produced by students. These texts may be in oral form (gathered, for 
example, from formal interviews, incidental conversation between student and teacher, or 
overhearing of student-student conversation in the classroom) or in written form. In practice it 
seems likely that, particularly in ‘high stakes’ assessment situations in which teachers are concerned 
to be able to validate their professional judgements by providing evidence to colleagues or to 
external bodies, written texts will play the more important role. Much of the discussion that follows 
and the examples illustrating it specifically concern written texts; I would suggest, however, that the 
arguments are, on the whole, equally applicable to the assessment of oral texts. » 



Although it is claimed by many of those advocating the greater use of writing as a way of learning 
in the mathematics classroom that students’ writing provides the teacher with insight into student 
thinking (e.g. Borasi & Rose, 1989; Miller, 1992), it is simultaneously widely acknowledged that 
many students do not have the linguistic skills or judgement necessary to represent their thinking 
adequately in written form and that there may be a mismatch between assessments formed solely on 
the basis of written work and those which take other sources into account (MacNamara & Roper, 
1992; NCTM, 1995). This acknowledgement of problems in taking written texts as evidence of 
thinking, however, locates the responsibility for any shortcomings with the students and in the text 
itself: if the student’s language skills or judgement about what to include in the text were better then 
the written evidence could be taken as unproblematic. It is thus assumed that there exists a notional 

o 




4-19 



27 






‘perfect’ text that would provide the teacher with a transparent representation of the student’s 
intended meanings. 

Such an assumption is, however, based on a ‘common sense’ or naive transmission view of the 
nature of communication. While mathematics educators have widely accepted some version of a 
constructivist epistemology in relation to the ways in which children make sense of their 
experiences, including the verbal and non-verbal texts available to them, thinking on assessment 
and, indeed, much research methodology still tends to work within a traditional paradigm in which 
meaning resides within the text, independent of the reader, carrying the author’s intentions exactly. 
The assessor’s or researcher’s role is thus to ‘extract the meaning’ from the text. A more consistent 
epistemology, however, would suggest that there is no necessary simple correspondence between a 
piece of text and the meanings its various readers construct. Rather, the meanings constructed will 
depend on the resources brought to bear on the text by individual readers. These resources will 
vary according to the discourse within which the text is read and the positions adopted by a 
particular reader within that discourse as well as the reader’s previous experience. As Kress (1989) 
argues, the text itself constructs an “ideal reader’’ by providing a reading position from which the 
text is unproblematic and “natural”, but readers do not necessarily take up the “ideal” position and 
may resist the text by interpreting it within a different discourse using a different set of resources. 
If the student writer is to convey her intentions most effectively to her teacher-reader it is necessary 
for her to share a knowledge of the teacher’s resources and most likely reading position. It seems, 
however, that some mathematics students do not share the textual preferences of their teacher- 
readers and may thus produce texts constructing ideal readers which do not match the teachers’ 
expectations and reading positions (Guillerault & Laborde, 1982; Morgan, 1992). When such 
mismatch occurs, the teacher, acting within a discourse of school mathematics in which she is an 
authority (and hence entitled to define what is acceptable within the discourse), is likely to interpret 
the failure of communication as a failure on the part of the student either to communicate 
effectively or to understand the mathematical subject matter in the desired way. 

Variations in the form of a text have an effect on readers’ evaluations of its content (e.g. Hake & 
Williams, 1981; Anderson, 1988; Wade & Wood, 1979) and of the intelligence, understanding or 
other personal characteristics of the author (Kress, 1990; Hayes et al. ( 1992) although the nature of 
the effect will vary between different contexts. Kress (1990) exemplifies this through his analysis 
of two students’ economics essays awarded very different marks by their teacher. While both cover 
the same areas of ‘content’ without error, the language of one shows less control over conventional 
forms of academic argument and is thus assessed to show less control of the subject matter. There 
is, of course, some difficulty in separating form from content in this way as it might be argued that 
the formation of an argument acceptable to a particular discipline forms part of the ‘content’ of that 
discipline; moreover, the exact nature of ‘content’ is likely to be affected by the form in which it is 
presented. Nevertheless, it is not possible to discern from the textual evidence alone whether the 
perceived weaknesses in this text arise from a lack of understanding of the subject matter or from a 
lack of awareness of the expectations of this genre of writing. There is a need to examine the 
relationships between forms of language used by students, their forms of understanding, and the 
assessments made by teachers on the basis of linguistic evidence. 
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In the domain of mathematics education, in spite of interest in developing more diverse and valid 
means of assessment, little attention has been paid to mathematics teachers’ practices in forming 
evaluations of students’ written work, perhaps because of a dominant traditional assumption that 
answers in mathematics are unambiguously right or wrong and that evaluation is thus 
unproblematic. One exception, looking at students’ work in a traditional style of ‘problem solving’ 
in the US, is a study by Flener & Reedy (1990) who found that some teachers were unwilling to 
accept answers that were expressed in unconventional forms. New developments in assessment 
which involve more open problems have not, on the whole, addressed the issue of how the more 
diverse responses likely to be produced by students may be received by teachers (Coiiis, 1992). 

The examples discussed in the remainder of this paper illustrate two fundamental issues related to 
the use of linguistic evidence of mathematical understanding: the effects on a teacher-reader of 
student choices of language in constructing their texts and the variety that may exist between 
different teachers’ readings of the same text. The extracts are taken from interviews with 
experienced mathematics teachers during which they talked aloud as they read and assessed a 
number of pieces of student work on investigative tasks. Further details of the study from which 
these are taken are given elsewhere (Morgan, 1994; 1996); my intention in offering these examples 
here is to illustrate theoretical issues related to language and assessment rather than to present the 
results of empirical research. 

Two examples 



Example 1: Judgement of intellectual competence on the basis of linguistic ‘style’ 

Among the texts read by the teachers were two extracts containing valid general solutions to the 
same problem (finding a relationship between the dimensions of a trapezium drawn on isometric 
paper and the number of unit triangles contained within it): 



Student No.2 : 

If you add the top length and the bottom length, then multiply by the slant length, you 
get the number of unit triangles. 

For example: 

3 + 5 = 8 and 2 + 4 = 6 

8x2 = l£ 6x2 = 12 

This, therefore is the formula: 

(TOP LENGTH + BOTTOM LENGTH) x SLANT LENGTH = No. OF TRIANGLES 



Smdeni No, 3 : 

If you add together both the top length and the bottom length and times it by the slant 
length, you will end up with the number of unit triangles in that trapezium . 

You can write this as S(T + B) 



(Both extracts were typed in order to avoid judgements based on handwriting.) 



The comparable parts of the two texts, as one teacher, Dan, remarked, are very similar. 
Dan added: 
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However, 



Number 2 gives me the impression they obviously know what they’re talking about 
whereas this one [ No. 3 ], although it says almost exactly the same thing in different 
words, er, it doesn 7 give me the same impression. 

Obvious differences between the two texts include the fact that No. 2 gives two examples and has 
used verbal variable names, while No.3 has used algebraic symbols for her formula. Dan had 
commented on these differences earlier, claiming that they did not greatly affect his assessment of 
the students (see Morgan, 1994). His “impression” appears to be based rather on the verbal 
descriptions of the procedure which, as he says, appear very similar with only slight variations in 
form. An analysis of the differences between the language used in the two texts suggests a number 
of aspects which may have affected Dan’s reading: 

• The use by No. 3 of times rather than multiply is less formally ‘mathematical’ and may be read 
as a remnant of the early years of mathematics schooling and hence as a sign of immaturity. 

• No.3’s procedure is more ‘wordy’ using, for example, add together both rather than simply add. 
The number of unit triangles is also qualified as being in that trapezium. These additional 
words include reference to the concrete lengths, numbers or shapes. The procedure may thus be 
read as being at a lower level of abstraction. 

• The use of you will end up with rather than you get , by using the future tense, also suggests a 
more concrete procedure, located in time (Kress, 1989). 

• The introduction of the final formula by You can write this as .. . presents the symbolic 
formula merely as an alternative to the verbal procedure. No.2’s announcement This therefore 
is the formula , on the other hand, displays the formula as a product in its own right which 
follows logically from the procedure rather than merely being equivalent to it. This may be read 
as an indication that No.2 has a better understanding of the importance of the relational formula 
and the fundamental difference between this and the verbal procedure, even though she has not 
used algebraic symbols to express it. The contrasting modality of these two statements also 
suggests that the two students differ in their levels of confidence. 

While it is not possible to say which of these features specifically contributed to Dan’s impression 
of No.3’s lesser understanding, there is clearly a mismatch between the student’s text and Dan’s 
expectations which appears to have affected his evaluation of the whole of the student’s 
performance. This analysis of possible sources for Dan’s different evaluations of the two extracts 
points to the subtle nature of the relationship between the linguistic form of the text produced by the 
student and the evaluation of her general intellectual ‘ability’. Significantly, Dan himself was 
unable to identify the features of the text which gave rise to his impressions. 

Example 2: Different readings of the same text 

My second example illustrates the lack of uniformity in various teacher-reader responses to a single 
text. Working on a different problem, Steven derived a correct algebraic generalisation, 

(A + A) + ^ j from empirically gathered data and applied it to a specific example too large to 

be checked by experiment. He then presented an alternative method of achieving the same answer 
by applying the formula to a smaller value and multiplying by a scale factor: 
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An alternative way to do this would be to take the result of a pile starting at 10 and 
multiply it by 10 

( 10 + 10 ) = 20 (y) = 5 

e.g. 20 + 5 = 25 

25x10=250 



No further justification of this method is provided in the text. In particular, there is no indication of 
how it was derived. The scaling process is, however, completely valid given the directly 
proportional relationship between the variables in this situation. Nevertheless, it appeared to 
surprise the teachers reading this text and a number of different, and even contradictory, readings 
and evaluations of the student’s understanding and competence were made. 

Charles: 

Um ok so I mean he ’s found the rule and he’s quite successfully used it from what I can 
see to make predictions about what’s going to happen for things that he obviously can ’ t 
set up. So that shows that he understands the formula which he ’s come up with quite 
well, / think . There 's also found some sort of linearity in the results whereby he can just 
multiply up numbers which again shows quite a good understanding of the problem I 
think. 

Charles, having judged Steven to understand the original formula, recognises the mathematical 
validity of the alternative method and takes this as a sign of the student’s “good understanding”. 

•Oram: 

It’s interesting that the next part works, / don’t know if it works for everything or it just 
works for this but he’s spotted it and again he hasn *t really looked into it any further. 

He’s done it for one case but whether it would work for any other case is er / don ’t 
know, he hasn't looked into it. . . And he’s used it in the next part er used the this 
multiplying section in the next part and it's just a knowledge of number that’s got him 
there / think intuition whatever. He may have guessed at a few and found one that works 
for it 

Grant himself expresses uncertainty about whether the method would work in general. Perhaps 
because of this uncertainty, his narrative explaining how Steven might have arrived at the method 
devalues the student’s achievement, suggesting that the processes involved were not really 
‘mathematical’: “spotting" the method, not looking into it properly, guessing, using “just a 
knowledge of number" or "intuition". Steven is clearly not being given credit either for the result 
itself or for the processes he may have gone through in order to arrive at it. 

Harrv : 

and he ’s got another formula here ... I don ’t really understand what he ’s done here . . . 

So he’s produced another formula where ... he’s taken the result of a pile starting at 
ten and multiplying by ten and I don’t understand what he's done there ... I would have 
asked him to explain a bit further. He’s - the initial formula with two hundred and fifty 
is proved to be correct and he’s trying to extend it, he’s trying to look for other ways, 
maybe he has realised that two hundred and fifty could be the exact answer or maybe 
not. So he ’s trying other ways to explain some of the inconsistencies that he s seen but 1 
think greater explanation needed here. 



Like Grant, Harry seems to have some difficulty in making sense of this method and does not 
appear to recognise the equivalence between the original formula and the alternative method. In 
spite of this, he is able to construct yet another narrative to explain the student’s intentions, 
stressing by repetition the suggestion that Steven has been “trying” (possibly with the implication 
that he has not succeeded). Harry locates the responsibility for his own failure to understand in the 
inadequacies of the student’s text. 

The differences between the various readings lie not only in different interpretations of the 
mathematical content of the text but in different interpretations of the student’s level of 
understanding and different hypotheses about the methods that the student might have used in order 
to achieve his results. There may be a connection between these two aspects; it is Charles, 
expressing the clearest understanding of the relationship of the alternative method to the linearity of 
the situation, who makes the most positive evaluation of Steven’s understanding, while Grant and 
Harry, apparently uncertain of the general validity of the method, both construct pictures of the 
student working in relatively unstructured or experimental ways. 

It could be argued that this example involved a non-standard result and that the demand for greater 
explanation (both of the result itself and of the processes gone through in arriving at it) is therefore 
fully justified. This, however, begs the question of how the student is to know which of his results 
are non-standard or are likely to be perceived by the teacher-assessor as non-standard and hence in 
need of greater explanation. Moreover, there is no guarantee that further additions to the text would 
lead to greater conformity in teachers’ readings of it. 

Implications 

It is clear from the examples discussed above that there is no simple one-to-one relationship 
between the text produced by a student and a teacher’s assessment of the student’s mathematical 
thinking on the basis of reading the text. The readings produced appear to be influenced by the 
individual teachers' expectations about the probable nature of such a text as well as by the teachers’ 
own understandings of the mathematics involved. It must thus be asked what is being assessed: is it 
the student’s mathematical understanding or competence or is it his or her competence in creating a 
text that will be judged to be appropriate within the genre anticipated by the teacher? In spite of 
wide spread awareness of the difficulties that some aspects of mathematical language may cause for 
many learners as readers and listeners, far less attention has been given within mathematics 
education to the ways in which students may learn to produce mathematical language themselves, 
particularly written language. While ‘Writing to Learn Mathematics’ has many advocates, few 
have addressed ‘Learning to Write Mathematics’ except in the context of relatively limited (though 
important) and generally short and formulaic types of text such as symbolic generalisations or 
formal proofs. 

Innovations in ‘authentic’ assessment often involve students in producing a variety of more 
extended texts, including in particular reports and explanations. Subtle differences in the language 
used may lead, as in the first example above, to differences in the “impression” of a student’s level 
of understanding achieved by a teacher-assessor. It seems likely that most teachers of mathematics 
(and indeed of other curriculum subjects (Langer & Applebee, 1987)) do not have the explicit 
knowledge of forms of language necessary either to diagnose the ways in which their own 
judgements are influenced by various styles of student writing or to provide adequate guidance to 
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their students on how to produce texts that are likely to create more positive impressions. The 
analysis in example 1 provides some suggestions of linguistic features that may be influential; 
others related to the genre of reports of investigative work are discussed in Morgan (1996). There 
is a need, however, for further research to investigate the forms of language that are likely to be 
valued in various genres of mathematical text expected of students and to make this knowledge 
accessible to teachers and students. 

In recommending that teachers and students should pay attention to developing mathematical 
language it is important to bear in mind that 1 am not suggesting that a better grasp of language will 
necessarily lead to the production by students of texts that will bring teachers to construct more 
accurate representations of the students’ thinking and their mathematical activity; no text is entirely 
transparent. What knowledge about language is more likely to achieve is the production by 
students of texts that, by matching the teacher-assessor’s expectations about forms of words, syntax 
and organisation, will be more likely to be evaluated positively. At present some students, 
primarily those from more privileged backgrounds, already possess adequate linguistic awareness to 
achieve this; explicit attention to language in the mathematics classroom could enable more 
students to participate in the discourse on an equal basis. 

Although pointing to the difficulties and contradictions involved in modes of assessment that may 
be labelled ‘authentic’, I am certainly not advocating a resort to so-called ‘objective’ testing. Here 
loo there are substantial problems with validity and, perhaps most significantly, conflicts with 
curriculum objectives; these have been adequately critiqued elsewhere. Nevertheless, while 
‘authentic’ assessment may be preferable because of its less objectionable effects on the 
mathematics curriculum, it cannot be assumed that the assessments of student understanding 
achieved will be any more valid than those achieved by more traditional means. As well as raising 
questions about the validity of assessment of student understanding based on the evidence of 
linguistic texts, an acknowledgement that language does not transparently transmit an author’s 
intentions and that different readers may construct different meanings from the same text must also 
raise questions for researchers making use of textual data (both written and oral). Again, in raising 
this issue 1 am certainly not advocating abandoning qualitative, interpretive methodologies. 1 am, 
however, suggesting that a knowledge of the ways in which different forms of language within a 
text may influence the inferences made by the reader-researcher together with conscious attention to 
such forms during the analytic process would be likely not only to enrich the resulting analyses but 
also to avoid distortions resulting from a student-subject’s lack of control of conventional forms of 
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LEARNING MATH IN TWO LANGUAGES 
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This paper explores how Latino students construct mathematical meaning during bilingual 
(Spanish and English) conversations. The study addresses general questions on the nature of 
mathematical talk as well as questions specific to the learning of mathematics during bilingual 
conversations. In this paper I consider two frameworks for describing mathematics learning and its 
relationship to language. The first framework, a " discontinuity ' model, is used to examine 
mathematical expressions in Spanish and English. The second framework, a " situated 9 model, is 
used to analyze two bilingual mathematical conversations between secondary students. 

Although several studies have focused on discourse in monolingual mathematics 
classrooms (Cobb, Wood and Yackel, 1993; Pimm, 1987; Pine, 1991), researchers have only 
recently begun to consider conversations in language minority classrooms (Brenner, 1994; Khisty, 
McLeod, and Bertilson, 1990). In general, the research on language and learning mathematics 
presents a view of students as facing several discontinuities: from first language to second 
language, from social talk to academic talk (Cummins, 1981), and from the everyday to the 
mathematics register 1 (Halliday, 1978). 

Research specifically addressing how Spanish speakers learn mathematics in English 
classrooms has focused largely on students solving English word problems, rather than 
participating in mathematical conversations and constructing mathematical meaning. Most of this 
research has reflected a "discontinuity" model, describing students' problems in understanding 
mathematical vocabulary and in translating from English to mathematical symbols (Cocking and 
Mestre, 1988; Spanos, Rhodes, Dale, and Crandall, 1988). Rather than seeing learning as mapping 
meanings across register or language discontinuities, a "situated" model describes students' 
construction of knowledge as socially and materially situated-that is, viewing what students are 
doing as they learn mathematics as constructing meaning by using the social and material 
resources available to them. In this paper I consider the contributions and limitations of the 
"discontinuity" model and present the analysis of two bilingual conversations through the "situated " 
model. 

"Discontinuity" model 

One way to describe the role of language in learning mathematics is as the mapping of talk 
across discontinuities 2 . This mapping can be between two registers, between two languages, or 

1 A register is 'a set of meanings that is appropriate to a particular function of language, together with the words and 
structures which express these meanings' (Halliday, 1978). The mathematics register is the set of meanings, words, 
and structures appropriate to the practice of mathematics. 

2 While this description of the 'discontinuity' model may be an oversimplification, it represents a view of the role of 
language in learning which sometimes appears in research studies as well as pedagogical and curricular 
recommendations. 
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across both registers and languages. The "discontinuity" model can be applied to describe 
students as learning to use new vocabulary specific to the mathematics register and to map 
meanings across the everyday and mathematical registers. 

EVERYDAY < > MATH 

TALK TALK 

Multiple meanings for the same term can create obstacles in mathematical conversations 
because students often use the colloquial meanings of terms while teachers (or other students) 
may use the mathematical meaning of terms. Several examples of such multiple meanings have 
been described: "set" can mean "set the table" at home and "a set of objects" in a math context 
(Pimm, 1987); the phrase "any number" means "all numbers" in a math context (Pimm, 1987); "a 
quarter" can refer to "a coin" or to "a fourth of a whole" (Khisty, McLeod, and Bertilson, 1990); and 
in Spanish "un cuarto" can mean "a room" or "a fourth" (Khisty, McLeod, and Bertilson, 1990). 

The discontinuity model can also be applied across two languages but within one register: 

SPANISH ENGLISH 

MATH ^ MATH 
TALK TALK 

Because there are multiple meanings for mathematical terms within the math register in 
each language, one mathematical term in Spanish may have several English terms associated 
with it. The mapping then occurs from the many associated senses and words (or semantic field) 
in one language to the many associated senses and words in the other language (another semantic 
field). For example, "menos" in the Spanish math register can be used with two different senses 
and in two different constructions: "minus" as in "treinta menos diez [thirty minus ten]" and "less 
than" as in "diez es menos que treinta [ten is less than thirty] 0 . Students learning mathematics in 
these two languages would need to sort out not only the differences between two registers, but the 
correspondences between the math registers in the two languages as well. 

The "discontinuity" model can also be applied across both registers and languages: 




SPANISH 

EVERYDAY 

TALK 



ENGUSH 

EVERYDAY 

TALK 



When students are talking math in two languages, they are not only mapping meanings 
across two registers or within the math register across two languages. Since the associations 
between words, meanings, and concepts are different in each language, they are making multiple 
connections across several discontinuities. For example, in English the phrase "straight line" can 
be associated with the everyday meaning of "straight", as used in the phrase "straight up" or "the 
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picture is straight", meaning vertical or the opposite of crooked 3 . On the other hand, in the Spanish 
phrase for "straight line", "linea recta", the adjective "recta" can be associated with other 
mathematical objects or concepts, such as right-angledness as in "angulo recto" [right angle]. If 
students wanted to describe a line as not crooked they might say "la linea esta derecha [the line is 
straight]", which brings in other associated meanings of "derecha", such as right, meaning the 
opposite of left. In any case, there are multiple mappings to sort out: the difference between the two 
uses of the term "recta/o" within the Spanish math register, the different associations that 
accompany the English term "straight" in the two registers, as well as the correspondences 
between the meanings of "recta", "recto", and "straight." 

Although the examples above focus on the uses of words and phrases, a "discontinuity" 
model can also include another aspect of the mathematics register, mathematical constructions. 

Constructions such as "if, then", "let be the case", "let's assume", "this is the case because", 

are regularly used in explanations and arguments. There are also constructions used to describe 

spatial situations or make comparisons. For example, the constructions "there are four more 

than " [hay cuatro mas que ) and "there are four times as many as " [hay 

cuatro veces mas que ], refer to two different mathematical situations and yet are easily 

confused (especially in Spanish where "m£s" is used in both constructions). Students learning 
mathematics in these two languages would also have to map the meanings of constructions across 
two languages. 

Although the "discontinuity" model highlights the mathematics register, it does not address 
other important aspects of mathematical discourse, such as the discourse practices reflected in 
the use of this register. In other words, the "discontinuity" model can be interpreted as reducing 
math talk to the use of technical vocabulary and constructions. However, mathematical discourse, 
in any language, involves more than the use of technical vocabulary: there are different discourse 
communities (mathematicians, teachers, and students) and different genres (explanations, proofs, 
and presentations). Within each community and genre there are practices that arp part of the 
general characteristics of discourse. Overall, preciseness, explicitness and certainty are highly 
valued qualities, and abstracting and generalizing are highly valued processes in mathematical 
discourse. For example, claims are applicable only to a precisely and explicitly defined set of 
situations. Many times claims are also tied to representations. Students’ participation in such 
discourse practices may be more evident when using a "situated" model. 

The "discontinuity" model may also disregard the situational context of utterances. Although 
words and phrases do have multiple meanings, these words and phrases appear in talk as , 
utterances that occur within contexts. Much of the meaning is derived from situational resources. 
For example, the phrase "give me a quarter" uttered at a vending machine has a clearly different 
meaning than saying "give me a quarter" while looking at a pizza. The utterance "Vuelvo en un 
cuarto de hora" [I will return in a quarter of an hour] said as one leaves a scene has a clearly 
different meaning than "Limpia tu cuarto" [Clean your room], uttered while looking towards a room. 
When analyzing mathematical conversations, it is important to consider how resources from the 
situation point to one or another sense, such as whether "cuarto" means "room" or "quarter". 



3 Students have been observed to interpret the phrase "straight line " to mean "vertical line" (Moschkovich, 1992). 
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The "discontinuity" model as summarized above points to multiple meanings as possible 
sources for misunderstandings in math conversations and as an important aspect of learning 
mathematics in two languages. In this way it can frame a beginning analysis of mathematical 
conversations in two languages. However, this model has an unfortunate consequence: because it 
focuses on the conflict between registers or languages as an obstacle in learning mathematics, 
and fails to consider situational resources, it can easily turn into a model of students as deficient. 
Students' everyday experiences and first language can serve, not just as obstacles, but as 
resources for constructing mathematical knowledge and arriving at consensual descriptions of 
mathematical objects. While mathematical objects and meanings provide important resources in 
mathematical conversations, everyday objects or metaphors and students’ first language are rich 
resources as well. 



Situated perspectives of cognition (Brown, Collins, and Duguid, 1989; Greeno, 1994; Lave 
and Wenger, 1991) present a view of learning mathematics as participation in a community where 
students learn to mathematize situations and to use language to communicate about these 
situations. From this perspective, learning to participate in mathematical conversations (Pimm, 
1987) and using social, linguistic, and material resources to construct descriptions and 
explanations are integral aspects of learning and doing mathematics. Within this model, language 
use and its relationship to math learning depend on the situation. To describe or understand a 
bilingual mathematical conversation we need to consider several aspects of the situation. The 
problem context includes whether a student is doing computation or engaged in more conceptual 
activities, what the sub-field of math (algebra, geometry, etc.) is, and what representational 
resources are available. The historical context includes a student's history with each language as 
well as with mathematics instruction. The social context includes who the interlocutor is and what 
identities or memberships are associated with each language. An example of the importance of the 
historical context is anecdotal evidence that people who speak more than one language carry out 
arithmetic computations in the language in which they learned the procedures. After completing a 
computation, a bilingual student may or may not, depending on who the interlocutor is, translate the 
answer to the other language. On the other hand, if bilingual students have not been exposed to 
mathematics instruction in some topics in their native language, it seems reasonable that they 
would talk about those topics primarily in their second language. In other situations, students might 
code-switch between two languages. These examples points to the importance of the situation in 
understanding the relationship between mathematical activity and the choice of language. 



This group of students had been constructing rectangles with the same area but different 
perimeters and looking for a pattern relating the dimensions and the perimeter of their rectangles. 
In the first excerpt, the students attempt to describe the pattern in their group (Translations are in 
brackets and italics; for utterances in both Spanish and English, words with an English 
pronunciation are in italics. Teacher A speaks Spanish, Teacher B does not): 



Situated Model 



Bilingual Math Conversation Example 1: Describing a pattern 
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1. Alicia: Nora, di que el mas largo que esta los estos angulos, mas largos que estan, mas el 
perimeter es . . .[Nora, say that the longer that is the these angles, the longer that are , more the 
perimeter]. 

2. Nora: Que? [WhaP] 

3. Alicia: Mas largos que estan los rangulos, rangulos [The longer that are the rangulos, 
rangulos]. 

4. Nora: Lo mas grande que estan [the bigger that are]. 

5. Alicia: No, largo [no, long]. 

6. Nora: Largo? [long?] 

7. Alicia: Aha. 

8. Nora: Lo mas largo que estan los triangulos o como se dice. ...[the longer that are the triangles 
or how you sayif]. 

9. Alicia: Los triangulos [the tnangles]. 

10. Nora: These is triangulos [tnangles]? 

1 1 . Alicia: Lo mas [the more] 

12. Teacher A: No, those are squares. 

13. Nora: In Spanish, triangulos [tnangles]. 

14. Teacher A: They're cuadros [pictures ]. 

15. Nora: Cuadrados [squares], 

16. Teacher A: Cuadrados, OK. Cuantos cuadrados [Squares, OK. how many squares] 

17. Alicia: ^Como se dice? ^Como? [How do you say it? How?] 

18. Nora: Cuadrado [square]. 

Although these students attempted to find a term to refer to the rectangles neither the 
teacher nor the other students could provide the word "rectangulo" in Spanish, which is the 
language the students were using. Later on another teacher asked several questions from the front 
of the class, including "How many rectangles did we find that had an area of 36?". Alicia tried to 
answer the last question, explaining the relationship between the length of the sides of a rectangle 
and its perimeter: 

Teacher B: Can somebody describe what they saw as a comparison between what the picture 
looked like and what the perimeter was ? 

Alicia: The longer the ah, the longer (she gestures, tracing the shape of a long rectangle with 
her hands several times) the ah, the longer the, r£ngulo [rangle] you know the more, the 
higher the perimeter is. 

An analysis of the first excerpt using the "discontinuity" model would highlight the 
)ortance of knowing a specific mathematical term, and focus on this student’s failed attempt to 



produce the technical term ’rectangle* in either language. However, if we were to focus only on 
Alicia’s inaccurate use of the term ’rangulo* 4 , we might miss how her last statement is 
representative of mathematical discourse . Although Alicia is missing crucial technical 
vocabulary, she used a construction commonly used in math discourse to make comparisons and 

describe direct variation : ’the longer the the more (higher) the *. Alicia's last 

utterance is thus representative of math discourse practices in a way that may not be included in 
an interpretation of the ’discontinuity’ model emphasizing technical vocabulary. Furthermore, a 
description of this utterance as the student's attempt to map across discontinuities between 
Spanish and English, would disregard her use of the situational resources available to her. Alicia 
interjected an invented Spanish word into her statement and used gestures to clarify her 
description. In this way, the ’situated” model reveals how a construction, a gesture, and the 
student's first language can serve as resources for communicating a mathematical relationship 
and participating in mathematical discourse practices. 

Bilingual Math Conversation Example 2: Explaining a description 

These two students were working on the following problem: 

If you change the equation y = x to y = -0.6x, how would the line change? 




The steepness would change 

Why or why not? NO YES steeper 

less steep 

They had graphed the line y = -0.6x on paper and were discussing whether this line was steeper or 
less steep than the line y = x. 



22. Marcela: No, it’s less steeper . . . 

23. Giselda: Why? 

24. Marcela: See, it's closer to the x-axis . . . (looks at Giselda) . . . Isn't it? 

25. Giselda: Oh, so if it's right here ... it's steeper right? 



4 Although the word does not exist in Spanish, it might be best translated as "rangle", a shortening of the word 
"rectcingulo". 



26. Marcela: Porque fijate, digamos que este es el sueio. Entonces, si se acerca mas, 
pues es menos steep. [Because look , let's say that this is the ground [ then , if it gets 
closer, then ifs less steep]. 

27. Giselda: / thought you meant cual es la diferencia entre esto y el otro [which is the difference 
between this one and that one], you know what I mean ? 

28. Marcela: Pero fijate [But look]. 

28. Giselda: But that’s not what they want. 

30. Marcela: Yea/)/ . . . Well, kind of, cause see this one (referring to the line y = x) . . . is . . 

. esti entre el medio de la x y de la y [is between the x and the y]. Right? 

31. Giselda: (Nods in agreement.) 

32. Marcela: This one (referring to the line y=-0.6x) is closer to the x than to the y, so this 

one (the line y=-0.6x) is less steep. 



An analysis using the discontinuity model would focus on the precise meaning of the term 
"steep' in the mathematics register. While in math talk this meaning is related to the ratio of rise to 
run, this may not be the case in the everyday register (Moschkovich, 1992). Such an analysis 
might also focus on Marcela's use of two constructions common in the school mathematics 

register, "let's say this is..." and "if , then " in line 26. However, Marcela's explanations in 

lines 26, 30, and 32 (in bold) are representative of math discourse in several ways that go beyond 
the use of such constructions and are more evident from a "situated 1 perspective. First, Marcela 
explicitly states an assumption, a characteristic practice in mathematical discourse, when she 
says: "Porque fijate, digamos que este es el sueio." [Because look, let’s say that this is the 
ground ]' Second, she makes a connection to the representation, another practice characteristic of 
mathematical discourse, using the line y = x (line 30) and the axes (line 32) as reference objects to 
support a claim about the steepness of the line. And lastly, she uses the metaphor that the x-axis is 
the ground: "Digamos que este es el sueio. [ Because look , let’s say that this is the ground, ]asa 
resource in explaining her description. Marcela thus used resources from the everyday context, a 
metaphor comparing the x-axis to the ground, and from the mathematical context, the line y = x 
and the axes. The "situated" model has thus been useful in describing how this student, rather than 
struggling with the discontinuity between the everyday and the mathematical contexts, used 
resources from both contexts to construct a mathematical explanation. 

Conclusions 

The "discontinuity" model serves to clarify multiple meanings in math conversations and 
provides some analytical power for describing learning mathematics in two languages. However, 
this model has several limitations. It can be interpreted as reducing math discourse to the use of 
technical vocabulary and it fails to consider situational resources. Because it focuses on the 
conflicts and obstacles between registers or languages, it can become a "deficiency' model. The 
situated model can serve to broaden the analytical lens to include more aspects of the situation. 
This perspective also generates different questions, such as what resources students use. The two 
O 
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examples presented above show that, while mathematical objects and meanings do provide 
resources in mathematical conversations, everyday objects or metaphors and students' first 
language can be resources as well. In this way the "situated' perspective can show how the 
everyday context and students' first language might be resources, rather than obstacles, for 
learning mathematics. 
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HERMENEUTIC EXPERIENCES IN CONSTRUCTING LESSONS AND 
CLASSROOM RESEARCH 



Judith A. Mouslev 
Deakin University 

Eight teachers were given the same instructions for a mathematics lesson. Their 
interpretations, and those of their pupils , demonstrated moments of decision 
making which resulted in eight very different lessons, demonstrating distinct 
patterns of teaching and learning. This paper outlines how hermeneutic 
philosophy relates to teachers ' and students ' interpretations and re- 
interpretations of this text. It claims that the hermeneutic situation of the 
researcher is also open to exploration . 

Introduction 

The phenomenological orientation that this project draws on is hermeneutics, 
which is based on the assumption that we cannot divorce ourselves from our own 
reason and historical contexts. It argues the hermeneutic position that community- 
based experience and the possibilities that people (in this case teachers and 
researchers) see for alternative actions are inseparable factors — and connections 
between these are open to exploration. 

In 1986, Wachterhauser claimed that hermeneutics is ”a family of concerns and 
critical perspectives that is just beginning to emerge as a program of thought and 
research” (p. 5). Nevertheless, hermeneutics originated in ancient Greece, where it 
was recognised that people bring different exegeses (hermeneia) to an event, and 
that studying these assisted knowledge development. Recognition of this link 
between interpretation and learning prevailed through the Middle Ages, where it 
was used in the study of biblical texts. 

Schleiermacher ( 1838/1977) initiated a German branch of this phenomenological 
orientation by reaching beyond the interpretation of text to examining common 
consciousness of kind. He introduced the notions of community and history to this 
field. At the beginning of this century, Dilthey (1972) took up these points, 
proposing that "expression” — a product of an individuals historicity — characterises 
interpretation, and that all social phenomena are the expressions of persons whose 
rationality is structured by community-based individual realities. 

To summarise Dilthey’s theory, the task of the interpreter — and also the 
purpose of hermeneutics — is to unite the past with the present through a process 
of reconstruction. In this way, the connections between expressions, experience, 
structure of meaning, and life are clarified. (Odman, 1988, p.66) 

More recently, Heidegger ( 1962) further developed the notion of historicity. He 
claimed that we understand only through a contingent situatedness of a continually- 



changing world that is not of our own making— the world of our historically- 
mediated culture — and that our understandings constitute our very being. 
Understanding is based on pre-understandings which evolve as we re-develop our 
social contexts. A key element of his thesis was the hermeneutic circle: 

The hermeneutic circle involves the 'contextualist' claim that the 'parts’ of some 
larger reality can be understood only in terms of the 'whole' of that reality, and 
the ’whole’ of that reality can be understood only in terms of its parts. That is 
to say that understanding any phenomenon means, first of all, situating it in a 
larger context in which it has its function and, in turn, it also means letting our 
grasp of this particular phenomenon influence our grasp of the whole context. 
(Wachterhauser, 1986, summarising Heidegger's claims, pp. 23-24) 

Another element in hermeneutic philosophy is the importance of language. 
According to Heidegger (1962), it is the source of pre-understandings, and 
"conceals within itself a developed mode of conceiving" (p. 199). It lives and grows 
as a response to reality, but also serves to shape that reality. 

This notion was furthered by Gadamer (1960), who claimed that our framework 
of language-based prejudices (pre -judgements) "constitute the initial directedness of 
our whole ability to experience" (p. 245). They develop through living in 
communities, mediate perception, and form an historical basis for rational activity. 
Westphal (1986) pointed out that the key to unlocking such traditions is the 
language of an historic community, claiming "because language is always some 
specific language and never language in general, we find reflection on consciousness 
turning into reflection on language, which in turn become reflection on tradition" 
(P- 70). 

The research project reported here explored decision-making moments in the 
teaching of an activity. It focused on the way that one short instruction was 
understood variously by different teachers and their students. I wish to argue that 
interpretations of the original and developing texts at particular stages of the lesson 
were framed and shaped by the subjects’ contextual histories — and my 
interpretations of the resulting data were a product of my own social history. 



Five female teachers and three male teachers of classes from Years 1-6 from 
three State schools in a lower middle-class area were involved in this study. Each 
was met separately by the researcher, and asked to teach a given activity. It was 
written on an index card: 



From a given piece of cardboard, make a regular shape which holds 
one cup of birdseed. Make a similar shape which is twice as big. 

Data collection from each class involved field notes made straight after the 
teacher was given the task and after pre-teaching interviews a few days later; 
videotaping of the teacher throughout the lesson; and videotaping, audio taping or 
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observation of groups of students during the seatwork section of the lesson. Most 
importantly, the teachers were shown snippets of their videos two weeks after the 
lessons and asked to talk about their intentions with regard to particular teaching 
actions. 

Analysis was aimed at describing how classroom participants’ roles had been 
construed and reconstrued throughout the activity — the teachers’ initial 
interpretation, planning, presentation, control and assessment of the task as well as 
the students’ re-interpretation and management of the activity. The researcher 
aimed to describe the sense that classroom participants made of their social world — 
the meanings that people give to their environment. These meanings were 
examined in the light of Berlak and Berlak’s (1981) sixteen ’’dilemmas of teaching". 
Thus two levels of interpretation were involved — the subjects’ renditions as well as 
the subjective readings of these by the researcher. 

Some results 

Construing of the task by teachers and planning of lessons both involved 
discourse with self. Similarly, control of classroom activity was discursive, creating 
moments where students needed to construct understandings. Their discussions, too, 
needed to be interpreted by other students. At these moments, language-based 
understandings were shaped by the past, present and perceived future social contexts 
of each of the participants. I use the word ’’moments” to reflect the immediate 
nature of split-second periods in which the potential of any lesson is re-shaped. 
Identified moments were: 

Teachers Students 

Interpreting 

Planning 

Presenting > Interpreting 

Supervising Planning 

Evaluating Performing 

Presenting 

Evaluating 

This paper focuses on the arrowed link between teachers’ presentations of the 
task and students’ re-interpretations of it. It was found that the former impacted 
markedly on options pupils had for the latter. Let me demonstrate this with three 
upper-primary-school examples. 

Teacher H, Year 6: In the pre-lesson interview, this teacher expressed 
concern that the given task may not lead to the discovery ot the ’’mathematical 
knowledge* bound within the task". His instructions to pupils, written and read 



aloud, were "Make a box which holds one cup of seed. Make another box which 
holds twice as much. A week after the lesson, the researcher (R) interviewed this 
teacher (TH): 



431 


R 


432 


TH 


433 


R 


434 


TH 



I am interested ... to know why you thought the shape should be a box. Had you 
thought about the possibility of making other shapes? 

Yes, but I wanted to build on this lesson to give them an understanding of volume. 
Good. So they will do that with box shapes? 

Yes. They have to learn length by width by height and ... well, they couldn't do 
that with other shapes. ... Oh, I guess they could, but, like cones and other shapes - 
I didn't want shapes where they couldn’t measure length and width and height. 



In planning the activity around a particular learning objective — a formal rule — 
Teacher H expected all students to take a directed path of "discovery". His pupils 
demonstrated an acceptance of this context, displaying characteristics of students 
waiting to be led. For example: 



463 


Rob 


But it has to be a box. Not a box. He said a cube. That's the same all around. The 
same size - this way, this way, this way. Ask him how big. Darren, ask him how 
big to make it. 


464 


Darren 


How big would fit. You’ve got the cardboard. How big could we make it? It has to 
hold a cup. 


465 


Rob 


Just ask him, Daz. He knows. 


466 


Darren 


Okay. He knows. ( Inaudible ) Mr H... 



Teacher N, Year 5: This teacher wanted pupils to discover what happens 
when all dimensions of a cube are doubled. Her instructions were oral. She first 
told the children to "Make a cube 5 cm by 5 cm by 5 cm". When they had all 
finished, she asked them to make one measuring 10 cm by 10 cm by 10 cm and to 
use the birdseed to compare the volumes of their shapes. 

Her students achieved her aim but also displayed dependence: 

134 Rhana It’s too big. We were only meant to double it. You went wrong, Karen 

135 Karen No. They are right. 5 cm this one, 10cm that one. You try it ... {inaudible) ... With 

the ruler. 

136 Rhana Mmm, but there's too much seed. It should be two lots. Why is there seven and a 

half? It's mad. Two lots would be right. Don’t write it down. I’m going to ask her 
if we did it right. 

Following Rhana's question, the teacher called the class to attention. After a 
short discussion which led to the teacher expressing the generalisation that "The big 
one holds eight times as much", she gave a six-minute explanation of why this is so. 
Gestures were used frequently and terms such as third dimension , multiply , 
multiples and comparative volume were used. When asked later if she thought that 
all of the children would have understood, she claimed: 
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Yes. That is why it is important to have the hands-on work first. Yes. They had 
seen it with their own eyes. That is why children need to do real things in 
mathematics * so they understand why the mathematics works. 



Teacher M, Year 5/6: On seeing the activity, this teacher said: 

730 TM It will be interesting to see what they make of it. I’m not even going to explain what 
regular means. 1 wonder if they will ignore the word. . .. Seeing the different shapes 
will be fun. And their reactions when they double different aspects. 

Teacher M presented the task as given, writing the instructions on the board, 
then reading them aloud. The children could work in groups or alone. 

One group of three girls built a square pyramid, left unsealed at the apex so seed 
could be poured in using a funnel. They found that their shape held more than one 
cup of seed, so traced it onto another piece of card and trimmed the triangular parts 
of the net gradually until a pyramid of the right size was formed. 



748 


Silvia 


Don't take too much off. Remember ... ( inaudible ) 
bit. That long bit. You are taking it four limes. There 


. . . you are not just taking that 
. . . and there . . . and (etc. ) 


749 


Binny 


And it’s not jusi thinner. The shape. Look. It gets shorter so you are 
The lop bit every lime. ( Some trial and error followed) 


losing this bit. 


783 


Silvia 


Good. Thai’s it. One cup. I'll tape it up. ... Now. Two cups. Now for two cups. 


784 


Rachael 


Two cups. Yes. Or twice as big? Two cups isn’t twice as big. 




785 


Binny 


( Inaudible , then laughed .) 








786 


Silvia 


Yes it is. But I know. But ... I know what you think. Like 
edges. Make the bottom twice as big. The sides too? 


... like two times the 


787 


Binny 


Not the sides. 








788 


Silvia 


Why? 








789 


Binny 


We make the bottom twice as big. Right? Longer and wider. But that will be like 
this . . . and this ... and this . . . and this. Like four times as big. We need to decide it 
we want it really twice as big ... or each side double - tourth as big. Anyway, then 
we could cut down the sides like we did ... so it holds two cups. 


790 


Silvia 


Mmm. I get it. That way it’s twice as big. Well, on the edges anyway. 


791 


Binny 


What edges? What are you on about? 








792 


Silvia 


These edges. The sides. The sides ot the square. 
See. Look. You've got a square, right? ( drew a 
square.) Then you double this one ... and that 












one; and you don't have two. What do you have? 








793 

794 


Binny 

Silvia 


Four. 1 know that. 

Good. Four. ( inaudible ) So do we want twice ... or 
twice. Twice as big. 


four times? Hey? 1 reckon only 


795 


Binny 


Yeah, and ... 








796 


Silvia 


And it holds two cups. So its twice as big like that. 
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797 


Rachael 


But it needs to be twice as high. 


798 


Silvia 


Look, it doesn't say twice as high on the board. Or two cups. Look. 


799 


Rachael 


No. 


800 


Silvia 


We need to decide ... to make up our minds. What are we going to call twice as big. 
Jees, I wish we'd started with a box. 


801 


Binny 


No, a box is no good. They are doing a box. Anyway, it's the same. We would be 
the same. Look, if you do this to the box . . . (Binny drew a sketch of a box then one 
twice as long) ... you've got ... 


802 


Rachael 


Two cups. But it's not twice as big. 


803 


Silvia 


Yes. Yes it is. 


804 


Rachael 


But it's not twice as wide ... or high ...just long. Forget the box. I think we should 
not double the sides. Of the bottom. We should work out what would make twice 
as big really. Like. The square. The area ... ( inaudible ) ... of the square. 


805 


Silvia 


Yeah. Mmm. 


806 


Binny 


Times it ... Times it by one and a half. Two is too big because you get four. No. 
One and a half ... 


807 


Silvia 


That's too big. One point two five - or less? No, 



probably more ... that ... one and a quarter. It's 
not one and a half. It's less. Look. If you've got 
this square ( drew a square). Right? And it's half 
as long again ... and half as long on to this side 
( hatched areas). Right? That's one and a half? 
But then you've got this piece ( double-hatched 
areas). That means one and a half is too much. 
It's more than two. 




wsm 



808 


Rachael 


Can we work backwards? Jees. No. (long pause) We don't know how many little 
squares. Get some graph paper so we can do it on little squares. Like , we count the 
squares. Then double it. 


809 


Silvia 


Yeah. Then work out how long the sides need to be. 


810 


Binny 


Would that make it hold two cups? 


811 


Silvia 


No. Rachael, where's the graph paper? 


Discussion 





For Gadamer, the universal and the particular are co-determined and hence can 
be understood only in relation to each other. The socio-historical context of the first 
two lessons are familiar to us all who share traditions of teacher-centering, 
objectivism, and hierarchical forms of control. Teachers' and children's expressions 
of such histories (the parts) and many others like them contribute to the whole 
contexts, i.e. to interaction in that classroom, to mathematics education and more 
broadly to the nature of schooling. But at the same time the parts are shaped by that 
whole. Our community histories form powerful constraints to thinking and acting 
otherwise. 
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Similarly, the historical context of the third classroom is familiar. This teacher 
has developed what many would call "constructivist" ways of working; and is very 
articulate about her constructivist style and how she developed it progressively over 
the last ten years. Once, the "whole" of this context would have been almost 
unimaginable, to her or to us, but now we see such contexts as possible and 
desirable. In other place and other times they may not be seen in this light. 

Well after the completion of my data analysis, it is useful to reflect on its own 
hermeneutic aspects. Why did I choose to focus on these incidents (and similar ones 
for each of the moments listed above), then interpret them as being typical of 
particular pedagogical styles? Why did I explore them in relation to Berlak and 
Berlak's control dilemmas and what were the effects of this? What are the silences 
in my work and why do they exist? What particular incidents from my past, 
present, and planned future histories set the horizons of the reality from which I 
view the world? 

I remember early discussions with Glen Lean about Platonist versus 
Constructivist strands of the philosophy of ideas, and can recall other vital dialogues 
and readings as I struggled to come to grips with this area. Similarly, current 
philosophies of mathematics education expressed in texts and other professional 
conversations, and dominant ideologies expressed in dialogues within my Faculty, as 
well as papers and tutorials where I tested emerging ideas all played their parts in 
this development. These and other experiences provided new possibilities — and 
hence potential for the interplay between reality and possibility. On the other hand, 
my reality constrained possibility by its very existence. 

Space does not allow more detailed dialogue about the context of the inquirer. It 
is clear, though, that my research actions (and possibilities as well as lack of 
possibilities for alternative approaches) were shaped by my beliefs — in turn carved 
by interest in the hegemony of classroom control — itself a product of my schooling 
and identifiable aspects of my professional community life. The context of my work 
is a product of time and places. While it is a property of individuality, that 
individuality has been developed in a community with its own particular history. 

Conclusion 

Gadamer claimed that authentic understanding is not detached from the 
interpreter but constitutive of his or her praxis . He stressed that understanding can 
only be an act ot interpretation through the life-world of the interpreter. Text, for 
instance, written or spoken by one partner in the hermeneutic conversation, is 
expressed only through its interpreter (Gadamer, 1975). Such claims have 
implications for us as teachers and as researchers. 

It was not difficult to find many examples of hermeneutic situations in the 
classroom interactions. These became useful starting points for dialogue with the 
teachers about their interpretations of their own actions. They were able to link 
their actions with particular beliefs and habits, embedding these in their 
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professional training or experience as well as in current institutional and social 
contexts. Hermeneutics provides a useful framework for discussing such moments, 
but it was not surprising that teachers' and students' understanding, interpretation 
and application were clearly linked with each other and with their social contexts. 

However, what has really intrigued me in my reading on hermeneutics is the 
possibility of applying the notion of historically-determined contexts to my own 
work as a researcher. Links between language, experience, and the possibilities 1 see 
for alternatives have become exciting new areas for exploration. Just as the 
instructions given to (and by) teachers were texts, my data and written accounts are 
texts not to be taken as givens. These are objects — which Gadamer calls "universal" 
in that they are now open to many particular readings — to be understood. 

... the interpreter seeks no more than to understand this universal thing, the 
text... In order to understand that, he must not seek to disregard himself and his 
particular hermeneutical situation. He must relate the text to his situation, if he 
wants to understand at all. (Gadamer, 1972, p. 289) 
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YOUNG STUDENTS’ INFORMAL 
KNOWLEDGE OF FRACTIONS 
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Research shows that young children come to school with a rich store of in - 
formal mathematical knowledge . It has been found that for whole number 
arithmetic this knowledge should be built on and that childrens informal 
methods lead to correct and powerful computational methods . It is felt that 
childrens informal knowledge of fractions should be used in the same way . 
This study explores young children's informal knowledge of fractions and 
suggests equal sharing situations as appropriate links to young students' 
intuitions . 

Introduction 

Several teaching experiments have shown that it is possible to elicit and 
build on young children’s conceptualizations of computational problems 
and the strategies they construct based on these conceptualizations. In- 
stead of ignoring or even actively suppressing children’s informal knowl- 
edge, and imposing formal arithmetic on children, such instruction recog- 
nizes, encourages and builds on the base of children’s informal knowledge. 
This is made possible and even easy because young children’s informal 
knowledge about whole numbers (and their understanding of problem sit- 
uations involving whole numbers) is strong and almost completely free of 
misconceptions (e.g. Murray & Olivier, 1989; Murray, Olivier & Human, 
1991, 1994). 

It has been suggested that young children also possess similar informal 
knowledge about fractions, which should be used in the same way (e.g. Stef- 
fe & Olive, 1991; Baroody & Hume, 1991). 

However, there is evidence of misconceptions about fractions among el- 
ementary school students. D’Ambrosio and Mewborn (1994), for exam- 
ple, document a number of misconceptions (which they call limiting con - 
structions) and possible reasons for these limiting constructions in young 
students. Some of these limiting constructions clearly originated in the 
child’s pre-school or outside school experiences. For other limiting con- 
structions it is difficult to determine the role that teaching might have 
played, especially inthe case of older students (e.g. Baroody & Hume, 
1991; Pirie & Kieren, 1994; Steffe & Olive, 1991). 
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The limiting constructions that are not caused by teaching may have dif- 
ferent sources. For example, at a certain level of development the young 
child does not discriminate between units and parts of units, and will 
count three whole chocolate bars and half a bar as “four chocolates” (a 
developmental phase problem), whereas children who accept half of an 
object as any big fractional part are simply responding to the inexact but 
functionally sufficient treatment of such parts of objects in the home (a 
problem with words which have very exact mathematical meanings but 
which are used loosely and vaguely in everyday situations). 



This study 

This study forms part of our on-going research project on problem-centered 
learning and teaching of mathematics (e.g. Murray, Olivier & Human, 
1991, 1994). 

The main purpose of this study was to gain more information on the kind 
of informal knowledge of fractions and problem situations involving frac- 
tions that young children bring to school. Knowledge about fractions in- 
volves knowledge about the concept , of which two subconstructs are the 
part-whole relationship between the fractional part and the unit, and the 
idea that the fractional part is that quantity which can be iterated a cer- 
tain number of times to produce the unit (D’Ambrosio & Mewborn, 1994). 
It also involves knowledge of the fraction names and of the fraction sym- 
bols . Since it is possible that lack of knowledge of the fraction names 
and symbols may prevent young students from demonstrating their intu- 
itive concept of fractions, we decided to create problem situations to which 
students could respond, rather than asking questions or presenting test 
items which use fraction names and/or fraction symbols (e.g. Neuman, 
1993). A number of equal sharing problems with remainders which also 
had to be shared out, were formulated. No fraction materials or manip- 
ulatives (e.g. clay) were made available to students; only unlined paper 
and crayons. 

A first grade and a third grade classroom from a small school were in- 
volved in the study. There were 22 students in each class. The par- 
ent population is lower to upper middle class. Although these students’ 
whole number arithmetic teaching is based on a problem-centered ap- 
proach where students are confronted with a large and planned variety 
of problem situations that they solve through individual effort, discussion 
and reflection, the study of fractions in the first two grades was up to then 
limited to teacher-led discussion of halves and quarters based on activities 
involving paper folding and pre-partitioned manipulatives. 

The researcher (Murray) posed two problems to the students during the 
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fifth month of the school year. The students solved the problems individu- 
ally. Individual students then explained their thinking to the researcher 
or the teacher. These annotated solution strategies were used as the basis 
for the following analysis. 



First graders’ solution strategies 

The following problem was posed to the.six weakest students (as perceived 
by the teacher): 

Three friends have to share four Vienna sausages among them- 
selves so that nothing is left and they each get an equal share . 

How must they do this? 

The other students solved the same problem with seven sausages. We will 
refer to these problems as 4 -h 3 and 7^-3. 

The teacher had not discussed fractions at all up to then. 

None of the students referred to the fractional parts as anything other 
than “pieces” or “bits,” but where appropriate distinguished between "big- 
ger pieces” and “smaller pieces.” All students used direct representations 
(in this case drawings of the friends and the sausages) to solve the prob- 
lem. 

We summarize below the students’ solution strategies, tentatively pre- 
sented in ascending order of sophistication. We illustrate each strategy 
with an example. 



1. Partitioning some units (i.e. whole sausages) so that the total number 
of units and fractional parts is a multiple of the divisor. (Frequency: 1) 
Brigitte solves 7 3 by keeping two 

units whole, cutting five units in 
half and then sharing out the 12 
“objects” equally among the three 
friends, ignoring the size of the ob- 
ject. She says: “Each friend gets four 
sausages.” 
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2. Sharing out the maximum number of units, then partitioning the re- 
maining units into inappropriate fractional parts (i.e. not multiples of 
the divisor), so that when the fractional parts are shared, one friend 
gets more parts. (Frequency: 1) 

For 4-^3, Eustace gives each friend one unit, partitions the remaining 
unit into quarters, and shares out one quarter to each of two friends 
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and two quarters to the third friend. He explains: “Each boy gets one 
sausage and one piece, but this boy (pointing) gets one sausage and 
two pieces.” He says that the sharing is unequal, but that this is his 
best plan. 

3. Sharing out the maximum number of units, then partitioning the re- 
maining units into the correct number of fractional parts which are 
however of unequal size. (Frequency: 3) 

For 7 + 3, Charlene gives each friend two units, then partitions the 
remaining unit into three pieces as follows c t— ^ , and gives each 

friend a piece. 

4. Sharing out a mixture of units and different fractional parts. (Fre- 
quency: 3) 

For 7 t 3, Anel gives each friend one unit. She then partitions two 
units in half and gives each friend two halves. She partitions the 
remaining unit in thirds and gives each friend a third. She explains: 
“Each friend gets a sausage and two bigger pieces and one smaller 
piece.” 

5. Sharing out some units and an appropriate number of equal-sized 
fractional parts. (Frequency: 1) 

For 7 + 3, Pierre gives each friend a unit, then partitions the remain- 
ing four units into thirds. Each friend therefore receives “one sausage 
and four small pieces.” 

6. Sharing out the maximum number of units, then partitioning the re- 
maining units into a number of equal parts which is a multiple of the 
divisor. (Frequency: 1) 

For 4 + 3, Chester gives each friend 
one unit, partitions the remaining 
unit into 12 pieces, and says each 
friend gets “one sausage and four 
crumbs.” 

7. Sharing out the maximum number of units, then partitioning the re- 
mainder into the minimum number of suitable fractional parts. (Fre- 
quency: 11) 

For 7 + 3, Johan explains: “Two 
sausages and a piece. I cut this 
sausage into three pieces. If you put 
the pieces together, they make one , 
one sausage.” 

8. Partitioning all the units into fractional parts of which the denomi- 
nator is the same as the divisor, then sharing out the parts from each 
unit in turn. (Frequency: 1) 
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For 7 -r 3, Jenni partitions each 
sausage in thirds and says that each 
friend receives seven pieces, one 
piece from each sausage. 




She also states that you can put six 
of these pieces together to make two 
whole sausages. 

Third graders* solution strategies 

The 7 t 3 problem was posed to the whole class. 

These students had yet not studied fractions in grade 3, but had studied 
them as described in the previous grades. 

Students were requested to also make a drawing of their answer even 
if they believed that they could solve the problem numerically without 
drawing. 

We again summarize the strategies. 

1. The solution is drawn correctly (two units and a third of a unit), but 
the units and fractional part are counted together, giving “3 sausages” 
as answer. (Frequency: 1) 

2. Sharing out the maximum number of units, ignoring the remaining 
unit. (Frequency: 1) 

3. A solution of 2^ units is clearly drawn and named “2|.” (Frequency: 3) 
Koba: 



5. The correct solution is clearly drawn, but incorrectly named as 2.^ or 
2^. (Frequency: 11) 




4. The correct solution is clearly drawn, but not named. (Frequency: 3) 




Jay draws this picture: 
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Marco: 
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OOo ^ 3 - 1 - 5 ; 



6. The correct solution is clearly drawn and named. (Frequency: 3) 



Discussion 

The Grade 1 solution strategies have some interesting features. Firstly, 
these students seemed to have had even less exposure to the fraction con- 
cept and especially to the fraction names than we expected. No student 
tried to name the fractional parts; they simply referred to the parts as 
“pieces,” sometimes as “bigger” and “smaller” pieces. Previous experience 
and discussions with teachers had led us to expect that “half” was com- 
monly misused as a name for any big fractional part, and “quarter” for a 
small part. No student in this group did so. 

We also believed that the idea of “equal sharing” was problematic for 
young children, partly because sharing situations within a family usu- 
ally involve family members of different ages and that “fair” sharing in 
these cases actually imply unequal shares, and partly because even at- 
tempts at equal sharing in the home are frequently only approximate 
(cf. D’Ambrosio & Mewborn, 1994). Most of these Grade 1 students fully 
understand equal sharing, with 17 out of the 22 students constructing 
equally shared solutions. Also, none of the students ignored the remain- 
der or tried to get rid of it (“Give the extra sausage to Mother”). 

Lastly, we found it surprisng that only one student (Brigitte) did not dis- 
tinguish between units and fractional parts, and concentrated on the num- 
ber of “pieces” given to each friend instead of orvthe “amount” of sausage. 

One difference between the first and the third graders’ responses is that 
four third grade students produced wrong answers, as opposed to incor- 
rectly labelled answers (solution strategies 2 and 3). This seems like an 
outcome of their instruction where the exclusive use of halves and quar- 
ters had led to a limiting construction: They provided answers of 2 1 and 
2 because they could not conceptualize any other possibility, whereas the 
first graders’ solutions utilized a variety of fractional parts. 

Another difference is the high incidence of incorrect naming of the frac- 
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tional part among the third graders, although their drawings clearly show 
that the students are dealing with thirds and not halves or quarters (a fre- 
quency of 11). One reason for this may be that instruction failed to make 
students understand that halves and quarters are not general labels for 
fractional parts, but signify particular fractional parts. The fact that they 
had met only halves and quarters in their teaching probably strengthened 
this misconception. 

This study shows that first graders do have “a wealth of informal knowl- 
edge on which we can base the teachingof fractions” (Steffe & Olive, 1991). 
These young children clearly have informal knowledge about the fraction 
concept , enabling them to understand and solve sharing problems involv- 
ing fractions. Knowledge of the fraction names and symbols (even halves) 
seems to be very little, but the incidence of limiting constructions also 
seems to be very low. Only one first grader failed to discriminate between 
units and fractional parts, and another four produced unequal (but only 
slightly unequal) shares. 

We hypothesise that the limiting constructions which have been identified 
may largely be the results of teaching and the use of particular materials. 
The third grade responses point towards the dangers of limiting students' 
experience to only some fractions (halves and quarters) and also to the 
limited success of paper folding and similar activities as environments in 
which to construct the concept of fractions (cf. Pothier and Sawada, 1990). 

On the other hand, the first graders’ responses show that equal sharing 
situations elicit ideas about partitioning units into equal parts and about 
combining parts to form units - both ideas are crucial subconstructs of the 
fraction concept (the part-whole and the iterative-part-to-form-a-whole 
subconstructs). 

We therefore suggest that many of the older students’ limiting construc- 
tions may be prevented by introducing fractions in the lower elementary 
school through posing sharing problems with remainders that also hp.ve 
to be shared out. This encourages young students to construct their own 
idea of fractions through their own actions. Different solutions can then 
be compared and discussed, the teacher gradually introducing the neces- 
sary terminology and notation. 

This programme is already followed in the lower elementary grades of 
some local schools (cf. also Empson, 1995 and Streefland, 1993). The use 
of sharing problems should, however, only be regarded as an introduction; 
students also need problem situations which embody the other meanings 
of fractions (fraction as ratio, as operator, etc.). 
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Tensions in the Novice Mathematician's induction to Mathematical Abstraction 

Klena Nardi 



Oxford University Department of Educational Studies 

The ongoing doctorate project, on which this paper is based, is a study of the novice 
mathematician's conceptual and reasoning difficulties in their encounter with mathematical 
abstraction. For this purpose 20 Oxford first year mathematics undergraduates have been observed 
and audio- recorded in their weekly tutorials and interviewed twice in a period of two academic 
terms. The Oxford syllabus topics, which the tutorial and interview content draws on, are Linear 
Algebra. Continuity-and-DifJerentiability. Topology, Sequences-and-Series and Groups-Rings-atul- 
Fields. Data analysis is now in process and aims at the emergence of data grounded theory. Here l 
present two potentially problematic aspects of the novices * induction to mathematical abstraction. 
Both observations constitute parts of the emerging theme on the nature of the novice 
mathematician's enculturation into the thinking and acting within the realm of Advanced 
Mathematics. 

The theoretical origins of the study, on which this paper draws, lie in the realisation 
that an educational reform regarding mathematics teaching cannot take place in the 
absence of an awareness of the learner s thought processes. Coupled with the 
intrinsically idiosyncratic epistemological complexity of mathematics, the cognitive 
dimension of didactics arises as particularly significant [1], 

With regard to learning advanced mathematics this study originates in the 
assumption, grounded on the relevant literature (e g. [8]), that a novice 
mathematician faces a series of cognitive difficulties in the encounter with 
mathematical abstraction. As noted in previous presentations of parts of the study 
(e.g. [6], [7)) abstraction is meant both from a psychological perspective i.e. that the 
advanced mathematics learner has to build up knowledge in an axiomatic way and 
learn how to reason deductively; and from an epistemological perspective, i.e. that 
the nature of the objects of advanced mathematical learning can extend beyond the 
physical or the numerical. 

In the above, learning is not seen as isolated in a cognitive vacuum but embedded in a 
sociocultural context [10]. Therefore, in a constructivist strand of thinking [5], the 
learner s cognition, while being personal and individually interesting, is also 
emphatically seen as taking place in a learning environment. In this case the context 
within which learning takes place is the Oxford undergraduate mathematics course. 
This study seeks to construct a psychological profile of the novices 1 difficulties in 
their encounter with mathematical abstraction by probing into their expression^ of 
learning. It is assumed here that cognition can only become visible and accessible 
through the learners' oral and written (in this study; oral) articulations of their 
mathematical thinking. As a thought process cognition is esoteric and inaccessible. In 
fact this is a phenomenological study of advanced mathematical cognition [3]. 

Experience from a Pilot Study to this study [6] provided evidence that the tutorials 
given to first year mathematics students in Oxford can be a substantial source of data 
regarding the novices' expresssions of mathematical cognition. Observation, audio- 
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recording of the tutorials and interviewing of the observed students were chosen as 
the qualitative techniques through which access to these expressions would be 
achieved. Observation of tutorials on Linear Algebra, Continuity-and- 
Diffe reliability, Topology , Sequences-and-Series and Groups -Rings -and- Fields was 
relatively unsystematic but informed by the cognitive aims of the study as well as by 
research in the field of advanced mathematical thinking. It lasted 14 weeks and 
approximately 200 hours. Interviews were carried out twice and they were minimally 
structured around mathematical topics that during observation emerged as 
particularly problematic for the learners. The openness of the selected 
methodological techniques was a natural consequence of the decision to ground the 
theory generated by this study on the data [4]. 

Data analysis takes place at the time this paper is written. Tutorial and interview 
recordings have been transcribed and tabulated in terms of their mathematical content 
and their didactical content. The tutorial material has been repeatedly scanned and, 
via a gradually more selective process, a number of crucial learning episodes has 
been extracted as the pivotal material for the analysis. The rest, called non-episodic 
material, is used as supportive material that enriches and contextualises the episodes. 
The latest selection resulted in the extraction of approximately 70 crucial learning 
episodes. 

The interview material consists of collections of open individual discussions with the 
students on six particularly problematic topics: accumulation/isolation 
points/openness/closedness, limit , spanning sets , compactness , convergence of series 
and sequences and the First Isomorphism Theorem for Groups/relevant concepts . 

Further analysis is currently arranged in the form of five sections on the Foundations 
of Analysis, Calculus , Topology , Linear Algebra and Abstract Algebra . Each of the 
70 learning episodes mentioned above is presented and analysed as a text. Text here 
is the conglomeration of the recording, the transcript, the notes taken during 
observation and the contextual documents (problem sheets, lecture notes, reading 
lists). Analysis of the text is supported by the non-episodic material and the 
interviews. The psychological observations on each episode are collected and 
presented as a totality in the end of each section. The final synthesis ot the cross- 
topical theoretical abstractions of the study is based on the intermediate theorising 
that takes place in the five topical sections. 

The Novice's Induction to Mathematical Abstraction: an Uneasy Encounter 

As an example of the cross-topical themes that constitute the final theorising of the 
study - or as a flavour of the outcomes that are now in the process of emerging - I 
refer here to some aspects of the novices' transition to advanced mathematical 
thinking as observed in the tutorials. This transition signifies the quintessential 
cognitive shift that learners are expected to undertake in the first few months of 
university studies. Therefore in a sense, and given their secondary school 
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mathematical background, these students' transition from school to university 
mathematics stands as a metaphor for the transition from concreteness to abstraction 
and from empirical/inductive explanation to deductive proof and axiomatics. 
Endorsing the Piagetian discourse on Reflective Abstraction and the Vygotskian 
approach to learning in a sociocultural context, this transition is seen here as a social 
and psychological enculturation process [2]. This paper highlights some of the 
tensions generated in this cultural exchange between the Expert (the tutor) and the 
Novice (the student). 

In the four Extracts cited below the focus is on the tentative induction of the novice to 
the style and essence of formal mathematical thinking. Inevitably the tutors' 
perceptions of this style and essence influence dramatically their responses to the 
students' style and thinking. Here I draw on two kinds of tension observed in the 
exchange: 

Tl. The tension between verbal/explanatory and formal mathematical expression. 

T2. The tension between Proof via Basic Principles and Proof via Quoting Proved 
Statements. 

I present the Extracts and briefly discuss. 

Tension I: The tension between verbal/explanatory and formal mathematical 
expression 

Extract 1.1 

Middle of JSecond Term. Individual Tutorial to Student Jack, Series and Sequences, 

They are looking at Jack's draft. His answers have been generally correct but the tutor 
comments several times on his writing not being clear and precise. In one of the questions the 
tutor and Jack agree on using Cauchy's Criterion 1 and the tutor asks Jack what is a Cauchy 
sequence. Jack replies : 

J: ...for every n bigger than N... any smalL.At's the difference between any two terms after a 
certain limit is less than epsilon. [ J 1 ] 

Later on the tutor complains about Jack's writing on another question 2 from the fame problem 
sheet: 

T: One thing l couldn't understand is where did you get these numbers from. Er,... you didn't 
seem to explain your answer properly to... I wasn't sure how to explain where these numbers 
came from... 

J: Yeah,, that was brief... [12] 

T: l think you know what you are doing because you got the right answer which is terminal., 
but... can you explain to me... 

Then Jack describes what sequence n r looks like : he explains how he first removed all the 
numbers containing the digit 7 from the tenths, then the hundredths and so on; first removing 
numbers ending in 1, then the others. At the same time he was careful with not removing the 
same number twice. He then noted that El/n r was convergent by comparison. The tutor listens 
and in the end he approves: 

* % is a Cauchy sequence if Ve>0 3Ne N such lhai Vn,m>N la n -a m l<£. 
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T: Right... but as / said none of this was written and you know it could have been a little ... but 
OK if you feel alright about this, it is right and solemn after what you said,... but ... Do you want 
me to go through the whole thing on the board or you feel you knew what was happening in 
there? 

J: Well, my problem is with the mathematical writing of this ... / mean you can's write 
something like this in the Mods It's not the idea , it's the mathematical writing 3 ... [J3] 

The incident starts with the tutor's comment on Jack’s problematic writing. However 
it is J 1 , Jack's attempt at explaining what a Cauchy sequence is, that illustrates 
graphically a tension in Jack’s mind: Jack attempts a reconstruction of the formal 
definition (...for every n bigger than N... any small. ..I), fails and resorts to what he seems to 
be quite familiar with: ordinary words employed to present his conception of what a 
Cauchy sequence is. 

His verbal explanation is a semi-formal statement that conveys a concept image [9] 
of a Cauchy sequence as a sequence whose terms are coming infinitesimally close to 
each other. In J 1 verbal explanation wins over formal definition. In other words in 
Jack's concept image personal interpretation of the definition is a stronger presence 
and a much more easily retrievable piece of information than the formal definition. 

The tutor initiates the discussion on mathematical writing and Jack agrees (J2). The 
tutor then encourages Jack to expand on his explanation in a precise manner. He 
approves of the thinking behind Jack's writing but is very firm about conveying to 
Jack the standard requirement for adequate explanation in a mathematician’s writing 
instead of dry sequences of numbers on paper . Given that Jack has not appeared to 
be reluctant or incapable of justifying his intuitions, it seems that what keeps him 
away from putting his justifications on paper is a concern about the acceptability of 
ordinary discourse in the presentation of a mathematical argument. 

Accustomed to wordless, notation- laden telegraphic proofs from lectures and 
textbooks, Jack seems to confuse logical formalism with linguistic formalism 
ignoring that the latter is merely a semantic aid to the former. Jack's concern (J3) has, 
apart from the metamathematical one outlined above, a practical dimension too: he is 
worried that the use of ordinary language in a demonstration of a mathematical 
argument is not acceptable in exams. However his concern and hesitation, despite 
stopping him from elaborating in writing on the question talked about in Extract 1.1, 
are signs of a formal mathematical consciousness in genesis. Jack seems to begin 
being preoccupied with formal mathematical expression: J2 and J3 are indications 
that in Extract 1.1 Jack does not merely pursue an answer to a mathematical question 
- actually he already has one - but to questions of mathematical form and convention. 



^Lct nj, n2, n3 be the subsequence of the natural numbers with any number containing the digit 7 omitted. Show that. 
£(n r )"l converges. 

3 Mods is an abbreviation for Moderations, the examination taken by undergraduates in the end of their first year. 
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In the following Extract 1.2, Carly expresses a similar concern. Remarkably it is with 
the student’s initiative this time, not the tutor's, that the issue of mathematical writing 
is brought up; that maybe the reason why Carly's dissatisfaction is more persistent. 

Extract 1.2 

End gf First Term, Pair Tutorial to Students Garlv and Charlie (silent) Continuity and 
Differentiability. 

Carly is dissatisfied with her answer on a question 4 : 

C: I didn 't really answer it properly... My answer was not mathematical, it was more like an 
essay... / could see it was true but I couldn \ t see how to prove it mathematically. 

She then describes what she did: 

C: If you differentiate this, you get that the x n '^ dominate and ...fis monotonic. So if n is even, 
again x n dominate and if n is even then it is above the axis always and there is no root.. .But... 
She sighs. The tutor then responds : 

T: But you see a lot of maths is not about writing down equations but about stating logically 
connected arguments... And in fact the fewer symbols you've got written down, the more words... 
and especially if you've got to do a [names lecturer and examiner and laughs j... then that's 
much better. So what you said was probably right. 

Carly silently looks down at her notes and a few seconds later she asks: 

C: Well , how do you do it? 

Despite the tutor's initial, yet unjustified, approval of Carly's approach and the 
generally encouraging tone of her response, Carly is not convinced. The tutor’s 
philosophical and affective treatment may be seen as not satisfying Carly's cognitive 
demand for a response 

to the particular question and * 

to her general metamathematical concern with the 'essay' type of argumentation. 

I note here that both Extracts come trom tutorials well into the 14- week observation 
period (1 1th and 7th respectively). In the meantime the students have been repeatedly 
advised against relying on intuitive arguments and non formal reasoning. So both 
Jack and Carly seem to be beyond the stage of relying on empiricism and are now 
struggling with their definitions of formalism. In this struggle the semantic formalism 
dominating their mathematical experiences of the first months in the course seems to 
yield in them the impression that prose is not an efficient tool for presenting, in the 
tutor's words, logically connected arguments .The tutor’s role here seems to be the 
resolving of this misunderstanding. In other words the tutor appears as the cultural 
mediator of acceptable manners in the context of formal mathematical 1 

communication. 

Tension II: The tension between Proof via Basic Principles and Proof via 
Quoting Proved Statements. 

Turning to, and at the same time developing suspicion and a slight aversion towards, 
verbal explanations was described in the previous section as the novice's state of 



^Prove that the equation l+x+x^/2+...+x n /n=0 has no real root if the positive integer n is even and precisely one root if 
n is odd. 
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mind when standing between school empiricism and university formalism. In this 
section I point at another tension that goes beyond the semantic and into the heart of 
the novices' decision making regarding their reasoning practices: the tension between 
employing Proof Via Basic Principles and Proof Via Quoting Previously Proved 
Statements. In Extracts 2.1 and 2.2 (and the corresponding figures 5 ) I cite a tutor's 
and a student’s approach to two questions appearing in the course's weekly problem 
sheets. The juxtaposition of the approaches aims at highlighting the differences 
between an Expert’s and a Novice’s approaches to mathematical reasoning. 

Extract 2.1 

End of Second Term. Pair Tutorial to Students Cady. and Charlie. Series ancLSequences. 

The tutorial begins with a discussion of the students' responses to a question 6 on the 
convergence of some series. The tutor notes that Charlie, for i and ii, and Carly, for Hi, have 
correctly evaluated the infinite sums by 'splitting them up" 1 in two known infinite sums but he 
also recommends the more formally acceptable ’ way of doing the same first on the finite sums 
and then taking the limit. He then asks Carly to present part iv (see fig . la). He agrees and 
suggests an alternative approach (see fig. lb) which, he concludes, is a widely used technique . 



(a) Carly's Way 


(b) The Tutor’s Way 


1 X°°r 2 /3 r = iXV-l + l/^ lX°°(r-l)(r+!)/3 r 


Note that if 


S<x>=IA2 


f(x) = |X°V = l/l-x, then 


= 1 X°°(r+ 1 )(r- 1 )/3 r + 1/2 


f(x) = | X°°rx r ~ * = 1/0-x) 2 and 


= 0X OQ (r+2)r/3 r+l + l/2= 1/3 |X°°r(r+2)/3 r + 1/2 


f’(*)= iX°°r(r-l)x r ‘ 2 


= 1/3 1 1 00 ! 2 !? + 1/3 i X~2r/3 r +1/2 


Then by writing f’ in terms of f and f, and for x=l/3, 


2/3 iX^r 2 # = iX~2r/3 r+! + 1/2 


it turns out that Xr 2 ^ = 3/2. 


= |X°°3r/3 r+l - r/3 r+l +l/2 
= lX°°r/3 r -r/3 r+l + 1/2 
= (1/3-1/9+2/9-2/27+3/27...) +1/2 
= (1/3+1/9+1/27+1/81...)= 1/2 +1/2 
so Xr2/3 r = 3/2 





Figure I 



From a topical point of view (in this study topical means exploring the cognition of a 
particular mathematical concept) Carly's solution probably generates an interest with 
regard to her handling of the series as if they are finite sums. Luckily she escapes 
paradoxical situations because the sums she deals with are finite limits. Hence the 
liberties she is taking with rearranging the terms turn out to be harmless. 

Here however the focus is on the students’ reasoning. In Carly's refreshing back to 
basics approach, ostensibly, the only piece of previous knowledge she employs is that 
Zl/3 r =l/2. This is however a deceptive appearance since behind Carly's 
rearrangements lies the theory that makes them possible. However her approach. 



5 where I reproduce the solutions presented on the blackboard by students and tutors as duplicated in notes made during 
observation. 

^Evaluate the following infinite sums, giving reasons for your answers: (i) Xl/r(r+k), where k is an integer, k2l, (ii) 
Xl/r(2r+l), (iii) -ocX^e* 1 *^ (OSxSI), (iv) Xr 2 ^. 

7 e.g. by noting that l/r(r+k)=l/kr-l/k(r+k). 
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though not terribly elegant, is pragmatic and straightforward. It has the feel of handy 
arithmetic and shows skill and imaginative capacity. On the other hand the tutor’s 
approach is a formal and elegant shortcut in resonance with the material the students 
have been taught at lectures and the techniques they will need. It has the benefit of 
hindsight and of globality. It shows an expert handling, an informed awareness of the 
facilities available to the craftsman (Xx r =l/l-x, letting f(x) be 1/1 -x, calculating f and f’ and 
noting that f can be written in terms of f and f ) as opposed to Carly's decontextualised, 
hence slightly primitive approach (writing r 2 as r 2 -l+l, moving 1/3 inside and outside the X 
several times, etc ). 

None of the above is meant to diminish Chrisitna's efficient approach which (the 
dangers of naive rearrangement of the terms in a series aside) yields the correct 
answer. It only aims at highlighting the inclination of the novice to resort to familiar 
(here: handling of algebraic expressions) modes of operating. Similar signs of 
prematurity are given in Extract 2.2. 

Extract 2.2: 

End of Second Term. Pair Tutorial to Students Curly and Charlie. Groups-Rings-and-Fidds, 

In the same tutorial as in Extract T2. 1, a bit later , Carly is invited by the tutor to present one of 
her answers on the blackboard 8 . Slightly reluctant she accepts and warns: 

C: Oh, OK but you may not like it! 

'Does it matter ?* replies the tutor. In fig2a I present her solution and in fig.2b the alternative 
solution suggested by the tutor. 



(a) Carly's Way Abbreviated 


(b) The Tutor's Way 


Let X=o(x) t Y=o(y) and t=o(xy). By cominulaliviiy she 
shows that (xy)^=e. Then: XY=mt for an integer m. 
Hence: XY>t. By commutativity and hcf(X,Y)=l 
she shows that t=nXY for an integer n. Hence t>XY. 
Therefore: l-XY. 


He recalls that, in case of commutativity and 
hcf(o(x),o(y))=l, o(xy)^x)o(y)/kx>n<y>l implies 
o(xy)=o(x)o(y) because then <x>rxy>=(e}. 



Figure 2 



Significantly Carly is a bit reluctant to present her solution; given that the incident in 
Extract 2.2 follows the incident in Extract 2.1 it seems reasonable to consider the 
possibility that Carly begins to suspect that, though correct, her approach is not 
exactly up to the standards of elegance and resonance with the material she has been - 
taught recently. She doesn’t say it’s wrong or you may reject it. She says: you may not 
like it. . Signs of a developing taste for a certain mode of reasoning appear. , 

Similarly to Extract 2. 1 Carly resorts to a solid arithmetical handling (to prove that 
integers a and b are equal, it is sufficient to prove that a<b and b<a). The tutor on the other 
hand employs a theorem and invests the arithmetical relationship given in the 
question (hcf(o(x),o(y))=l) with its group- theoretical meaning (<x>rxy>={e)). 

Again the juxtaposition highlights the differences between an expert and a novice 
approach. There are some redundancies in Carly’s way as well as some unclarified 

y Check that if xy=yx in a group, and heftotx), o(y))=l , then o(xy)=o(x)o(y). 

o 



points - not necessarily visible in the abbreviated version in Fig.2a. Most important 
though maybe her starting to conceptualise the need (not merely aesthetic but mostly 
instrumental) for an embedded, contextualised mode of reasoning and for an 
organically connected argumentation, in a way which will turn the coherence and 
connectedness of mathematical theories to her benefit. In other words via this 
juxtaposition of approaches, she might begin learning about the benefits of 
mathematical expertise. 

Towards a Theory of the Novice's Learning 
In the brief discussion of the incidents cited above a flavour was given of the type of 
cognitive observations made in the study. In these examples of intimate learning 
interaction the tutors seem to hold a key-role as mediators of appropriate cultural 
behaviour : they illustrate the power of language in demonstrating a mathematical 
argument and they provide refined alternatives to the students' mathematical 
arguments. These arguments, verbal/intuitive (Extracts 1.1 and 1.2) and basic/slightly 
decontextualised (Extracts 2. 1 and 2.2), highlight some aspects of the learners' state 
of thinking in the early stages of their studies. Their metamathematical concern about 
the validity of these arguments (particularly in Extracts 1 . 1 and 1.2) can be seen as 
signs of an emerging formal mathematical consciousness. A didactical preoccupation 
originating in the above is then how mathematics teaching at this level can reinforce 
the growth of this consciousness in an informed and systematic way . 
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STUDENTS ASSESSMENT 
OF AN ALTERNATIVE APPROACH TO GEOMETRY 



L. Nasser (IM/UFRJ); N. SanfAnna (Cotegio Pedro II); A. P. SanfAnna (UFF) 
Projeto Fund&o — UFRJ — Brazil 

An alternative approach to secondary school geometry in Brazil has been 
developed , and tested in some schools in Rio de Janeiro, for six years 
now. Although the positive results of the former trails in terms of students 
performance and teachers approval, we had no idea about the students 
opinion. In this paper we describe our proposal, based on the Van Hiele 
Model of Thinking in Geometry, and the inquiry conducted in order to get 
the students assessment of the course. The results show a positive 
approval from the students, both in a global point of view, and in each 
topic of geometry focused in the 7th- and 8th-grades 



Introduction 

The difficulties shown by secondary students in a systematic Geometry course is a 
well-known problem, pointed out by teachers and researchers from several countries 

along the last decades Clements and Battista (1992), for instance, claim that: 

As we have seen, and belying its obvious importance in the curriculum, 
students' performance in geometry is woefully lacking Neither what 
students learn in geometry nor the methods by which they learn it are 
satisfactory (p. 457) 

Among the suggestions that appeared to afliviate these difficulties, it seems that 
the most investigated and commented one is The van Hlele Model of Thinking In 
Geometry (van Hiele, 1986). The van Hiele model suggests that students progress 
through a developmental sequence of conceptual understanding as they learn 
geometry. Although various aspects of the theory have been investigated, there are still 
some controversial issues, such as the discreteness or continuity of the levels (Gutierrez, 
Jaime and Fortuny, 1991); the designing of reliable tests to identify students' van Hiele 
levels (Usiskin and Senk, 1990); the place of the hierarchical inclusion of classes in the 
van Hiele theory (De Villiers, 1987) and the dependence on teaching strategies (Malan, 
1986). An overview of the van Hiele model, including the summary of the criticisms and 
research carried out, is provided by Clements and Battista (1992). 

The van Hiele theory is the framework adopted by our research group in the 
attempt to develop an alternative approach to the traditional Qeometry course in which 
7th- and 8th-grade Brazilian students (13-15 year-olds) are engaged. The activities, 
specially designed, have now been tested for six years, with a positive approval from the 
teachers According to the data collected from the first sample, along the subsequent 
years of schooling, the students exposed to the experimental treatment overperformed 
the ones on the control group (Nasser and Sant’anna, 1995). 

o 
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Nevertheless, we did not have any hint about the students opinion about the 
approach adopted Teachers' approval does not indicate for sure that the students also 
enjoy the focus given to the course An inquire to investigate the students point of view 
about this dynamic and constructivist way to teach geometry was necessary 

In this paper we describe how the van Hiele theory was used to guide the 
development of this alternative approach to secondary school geometry. We also 
analyse how students evaluate this approach, according to their answers to a specially 
designed questionnaire 

The teaching of Geometry In Brazil 

Many researchers have commented about the decline on the teaching of 
geometry, all over the world In the UNESCO book dedicated to the Teaching of 
Geometry* (Morris, 1986), almost all articles by Mathematics Educators from several 
countries point out this decay, as Lange: 

... interest in geometry has declined throughout the decades And , in 
secondary school education especially, the lack of interest has so eroded 
the subject that it has even disappeared completely from the curriculum' of 
some schools (1966, p 59) 

Tall (1995) also worried about this, arguing that "the decline of Euclidean 
geometry in English schools has led to a loss of experience with systematic proof 
(p. 73), which, in his opinion, may be an obstacle for students’ long term development of 
creative learning 

In Brazil, the same decline has been noticed in the last three decades In 
particular in the first grades, very few Geometry is taught, and not systematically As 
primary teachers do not have a special training in Mathematics, they, in general, do not 
like and do not know enough Geometry to teach it, avoiding this subject 

Geometry is taught systematically at secondary school, in the second half of 
grades seven and eight The approach is very traditional: Euclidean Geometry, with 
emphasis on proof, and very few concrete materials are used Since there is not a 
national curriculum in Brazil, there are slight differences from one region to another, 
concerning secondary school Mathematics The differences are rather in the sequence 
in which the topics are presented than on the topics themselves In general, there is no 
reference to three-dimensional geometry in the programme Some special 3-D shapes 
appear in the 5th grade programme, as a means to introduce the measurement of 
volume of the cube, cuboid and cylinder The representation of points by coordinates in 
the plane appears in the 6th grade programme. But transformations are not taught at all 
at secondary school. They appear later in the programme, in some special schools. 
A,c o vectors and matrices are taught only at this higher degree 
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Because teachers have to teach at several schools and various grades, they do 
not have enough time to prepare their lessons, and the common practice is to adopt a 
book to be followed. So, theory and exercises can be found in the textbook and very 
often the number of math's lessons is not enough to cover all the book. As geometry 
comes at the end of the textbooks, some topics on geometry can be missed. Some 
experimental approaches to Geometry have been suggested by education projects. For 
example, the Fundao Project has produced a booklet suggesting the introduction of 
Geometry through 3-D solids, which has been used in some schools in Rio de Janeiro 
since 1985. According to the teachers, children are more likely to be motivated to study 
Geometry with this approach, than with the traditional one, introduced by point, line and 
plane. 
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The alternative course 

The geometry course proposed is developed in the framework of the van Hiele 
and the constructivist theories. This means that all the activities are designed following 
the descriptors of the van Hiele model, respecting the levels attained by the students, 
and are to be applied in a constructivist perspective, in which students work in groups, 
taking an active role in the learning process 

In our proposal, Geometry is introduced according to the approach mentioned 
above, through the 3-D space At the beginning of the 7th-grade (13-14 year-olds), the 
students are tested in order to have their van Hiele levels identified In general, in a 
class, we find students reasoning at the first and second levels, but, in some schools 
where geometry has not been taught previously, it is possible to have a great number of 
students without level, i e , who have not reached even the first level Some special 
activities have been designed in order to help students to upgrade their levels, bringing 
the class to become more homogeneous (Nasser, 1992). 

The topic of congruence of plane shapes is one of the most problematic for 7th- 
grade Brazilian students, who are not prepared to reason in a deductive way. In fact, 
while the majority of them are reasoning at the first two van Hiele levels, the exercises in 
the textbook ask for proofs, using the cases of congruence of triangles (SAS, SSS, 
ASA), which requires more advanced reasoning. So, the topic of congruence 
illustrates the mismatch between the van Hiele level in which the instruction is given and 
the levels really attained by the students, which is one of the causes of the difficulties. 
The study of congruence requires reasoning at least at the third level, since the objects 
of study are the relations between shapes (Nasser, 1990). Therefore, we propose 
activities in which congruence is taught at the third van Hiele level, diminishing the gap 
between the van Hiele levels attained by the students, and the one adopted for the 
teaching. 

In order that the instruction of congruence be kept at this level, deduction and 
proof must be eliminated. Transformations are used instead, to justify the congruence of 
ipes, through the conservation of shape and size. As Transformations are not 
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included in the Brazilian secondary school syllabus, activities about Reflections, 
Translations and Rotations have been designed These activities are developed at the 
third van Hiele level, according to the level descriptors for Transformation Geometry 
suggested in Nasser (1989) In the didactical experiment to test this material carried out 
with the first sample, in 1990, in two schools in Rio de Janeiro, the experimental students 
presented better results than the control ones, who followed the textbook (Nasser, 1992). 

For the 8th-grade, the enlargement tranformatlon is used to introduce the 
concept of similarity, following the same approach. Students deal with the comparison of 
shapes and objects, such as Coke bottles, TV and cinema screens of several sizes and 
photographs, looking for the necessary and suficient conditions for similarity. This 
proposal for the 8th-grade has now been tested for three years in about five schools, and 
after some adjustments received the approval of the teachers involved on the trials. 

Students assessment 

Up to the moment, in order to evaluate the geometry course proposed, we only 
worried about the students performance and the teachers approval. Now, we decided it 
was time to investigate the students opinion about the course. Students’ agreement is 
crucial for the success of a didactical experiment (Santos and Nasser, 1995) Informally, 
we had the idea that the pupils were enjoying the geometry course, regarding their 
behavior in class and their expontaneous presence in extra lessons. 

In general, teachers do not pay much attention to students’ assessment, arguing 
that they tend to evaluate teachers who give good marks positively and underevaluate 
the rigorous teachers, who really make them learn. Nevertheless, the use of objective 
questions has proved to be a valuable tool to avoid these deviations. Calling students’ 
attention to the objective aspects of the quality of the course, it is possible to obtain a 
reliable global evaluation, as desired 

In order to get the assessment of the course from the students point of view, a 
questionnaire has been designed, in terms of comparison with the teaching of other 
disciplines. The student is asked to compare, under several criteria, the approach 
adopted in the geometry course with the teaching and learning of other topics of 
Mathematics and other disciplines. This comparison is made by means of a five steps' 
scale, in which students are asked if each topic of the geometry course was Much Worse 
(-2), Worse (-1), Similar (0), Better (+1) or Much Better (+2), when compared to the 
traditional approach In order to avoid bias from the students, the questionnaire was 
applied at the end of the school year, after the teacher has decided the final marks, but 
before these were announced to the students. 

The questionnaire was composed of two parts. In the first one, the student was 
asked to give a global evaluation of each topic of the course. For the 7-th grade sample, 
the topics focused were: geometric solids, transformations, quadrilaterals and 
congruence of shapes. For the 8th-grade students, the following topics were included: 
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scales, enlargement, similarity and right angled triangles. The second part of the 
questionnaire involved four qualities related to the teaching of each topic of the geometry 
course. The student was asked to give a mark from the five steps' scale for each topic, 
regarding if the way the topic was taught fosters the development of each of the qualities: 

I- comprehensive learning 

II- upgrading of the van Hiele level; 

III- active participation at classroom activities; 

IV- students' motivation through the use of suitable resources. 

Being aware that the questionnaire was not simple for the students to answer, the 
teacher read it with the class, explaining each item. The 7th-grade sample had 70 
students, while 88 8th-grade students answered the questionnaire, at the end of the 
1994 schoolyear. 

Analysis of the results of the assessment 

The global evaluations given are shown in tables 1 and 2. The high percentage 
of positive evaluations (better and much better) of the methodology under judgment give 
a clear view of the students approval. 



Table 1: 7th-grade answers (N=70) 



Topic 


Much worse 


Worse 


Similar 


Better 


Much better 


Solids 


1 


0 


1 


17 


50 


Transformations 


0 


2 


1 


25 


40 


Quadrilaterals 


0 


2 


0 


17 


50 


Congruence 


1 


1 


6 


25 


35 



Table 2: 8th-grade answers (N=88) 



Topic 


Much worse 


Worse 


Similar 


Better 


Much better 


Scales 


1 


2 


6 


36 


37 


Enlargement 


3 


1 


12 


44 


26 , 


Similarity 


1 


2 


5 


34 


45 


Right angled 
triangle 


3 


3 


2 


22 


58 



It is worth noticing the indications that the approval increases as the students are 
exposed to more geometrical concepts through the alternative methodology. This 
indication comes from the analysis of the marks given in each topic of the 8th grade 
program, as shown in graph 1 below. The large number of "Much Better" evaluation is 
reached at the last topic of the program: right angled triangles. 
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Enlargement ^Scales E^Similanty S2 Triangles 
Graph 1 : Final evaluation by subject 



The objective items of the questionnaire were designed taking into account a 
model for the student's global evaluation, which links this evaluation to his assessment 
of the results of the teaching-learning process, by means of the acquisition of the 
concepts and of the upgrading of his van Hiele level. These results are, otherwise, 
explained in two ways: through the use of suitable concrete resources and through the 
increase in the participation of the student in class. 

The answers to the questionnaire fit this model, showing that the students 
completely approve the methodology adopted in the geometry course, according to the 
analysis developed by means of the statistics software STATGRAPHICS. 

Graph2 shows the straight relation linking the final appraisal to the evaluation of 
the conceptual learning and upgrading of the reasoning level for the 8th-grade students 
Similar results are obtained for the 7th-grade 





° Learning ♦ Reasoning 
Graph 2: Explanation of final evaluation 
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The relationship between the evaluations given in terms of conceptual learning 
and its explanatory variables: use of resources and participation in class are illustrated 
by graph 3. Analogously, graph 4 shows the relationship between the evaluations in 
terms of upgrading the reasoning level and the same explanatory factors. Both graphs 
are built on 8th-grade data; the data of the 7th grade follow the same pattern. 




0 Partiapation 4 Resources 

Graph 3: Explanation of conceptual learning 





Graph 4: Explanation of reasoning level 
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Conclusions 

The analysis of the answers shows that the great majority of students evaluate the 
approach given to all the concepts as better or much better than the traditional one 

There is high coherence between the global evaluation and the assessment by 
means of concept learning and the upgrading of the van Hiele level, which indicates the 
students' satisfaction with the course 

High coherence is also found between the marks given to concept learning and 
reasoning level, by means of the active participation in class and the use of didactical 
resources. The presence of these components in the methodology used can be 
associated to the better results of learning, and corroborates the coherence of the 
students' answers 
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Solving word problems with different mediators: 

HOW DO DEAF CHILDREN PERFORM? 

Terezinha Nunes and Constan/.a Moreno 
Institute of Education, University of London 1 



We investigated the acquisition of the signed algorithm by six profoundly deaf primary 
school children and the effect of different mediators - objects versus the signed 
algorithm - on their word problem solving performance. Similarly to the acquisition 
of the written algorithm by hearing children, deaf children ’s calculation errors with 
the signed algorithm could be attributed to the structure of the numeration system 
operated on. Results of the problem solving tasks indicated tlmt the children 
performed significantly better when using objects than when using the signed 
algorithm, and that this difference could be explained by the formalization involved in 
the use of the algorithm. Level of problem difficulty followed the same pattern 
documented for hearing children . 

Several studies (e g. Nunes, Schliemann, and Carraher, 1993) demonstrate that 
the type of system of sign used to mediate reasoning in mathematics significantly 
influences subjects’ problem solving performance. Thus it is important to analyse a 
variety of systems of signs which are used in school in the teaching of number 
concepts. We investigated the use of signed numbers (see Figure I) as mediators for 
deaf children’s development of additive strutures. Signed numbers are used by some 
children in a procedure we will refer to as "signed algorithm". The algorithm 
involves simultaneously signing each of the numbers in an addition or subtraction sum 
with a different hand - for example, one hand signs 8 while the other signs 7 when the 
pupil wants to solve 8 + 7. Increments of one are then added to 8 (the value, to be 
operated on) at the same time as 7 (the value of the transformation) is progressively 
decreased by one. The result is achieved when the hand signing the transformation 
reaches 0; it will be read on the other hand, which works as the notepad. In a 
subtraction problem, the minuend is signed with one hand, the subtrahend with the 
other, and they are both decreased by one until the subtrahend reaches 0. 



1 This project was supported by grants from the Institute of Education and the Child 
Development and I .earning. 
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Figure I: The signed numbers used by the children in this study 




The use of signed numbers has hardly been investigated so far. A notable 
exception is the work of Secada (1984). When he matched hearing and deaf children 
for age, deaf children lagged behind their hearing counterparts in the acquisition of 
counting. However, when they were matched with respect to their counting range, 
Secada found no difference between the hearing and the deaf children's use of counting 
to answer questions that required the use of counting. In spite of the similarity in 
performance, the two groups of children made different sorts of errors, which were 
closely related to the counting system they were learning. Deaf children's errors 
reflected the double-base of their system, which changes rules at 5 and 10, whereas 
hearing children did not make the same sort of mistake. 

When hearing children use their fingers during problem solving, their fingers 
are representations of the objects; in this case, it is possible to perform on the fingers 
actions w hi ch do not corre spond to arithmetic operations - for example, to count from 
a \o b io solve a missing addend problem or to compare 4 and 5 fingers by setting 
them into spatial correspondence. As Marton and Neumann (1990) have pointed out, 
children can solve some addition and subtraction problems using their fingers before 
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they can indicate which operation would be needed to solve the problem. In contrast, 
when deaf children use their fingers in the signed algorithm, the fingers represent 
numbers rather than objects, and a formal representation of the solution is required; 
the operation to be performed must be decided from the outset. We were thus led to 
predict that the deaf children would perform significantly better in problem solving if 
they were allowed to use objects to solve the problems than if they had to rely on the 
signed algorithm. Their errors reflect the need to formalize the problem solution 
rather than lack of understanding of the problem situation. 

Due to the paucity of studies on the signed algorithm, we had several aims in 
our study: l) to describe the difficulties in mastering the signed algorithm; 2) to 
contrast the children’s performance in two types of problem solving condition, one 
where they relied on the school-learned procedure to calculate solutions and a second 
condition where they could use objects to solve the problems; and 3) to describe the 
level of difficulty of different problem types. 

Method 

Subjects : Six profoundly deaf primary school children (age range 6 to 8 

years; mean age 7.23), users of Sign Supported English, attending a London primary 
school for the deaf participated in this study. Only one child had deaf parents. 

Design : The study was conducted in two phases. In the first phase, the children 
were first video-taped in the classroom during six mathematics lessons taught by a 
specialist teacher. The main aim of the lessons was to teach the signed algorithm. 
During each lesson, two children were focused on, yielding a total of two sets of 
observation per child. These records were used to describe the difficulties of 
acquiring the signed algorithm. 

In the second phase, the children were interviewed individually in three sessions. 
In the first session, the children answered addition and subtraction sums. Those sums 
which were solved correctly by at least five of the six children were chosen for use 
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in the word problems. This choice of easy sums allowed for a better analysis of the 
impact of the means of representation on problem solving because we could elimintate 
the possibility that failure in a word problem resulted simply from not knowing how 
to carry out the sums. In the second and third sessions, the children solved a total of 
16 addition and subtraction word problems presented in random order. In session two 
the children could use manipulatives (cut out figures representing the objects) to solve 
the problems whereas in session three they were asked to use the signed algorithm. 

Considering that changing mediators within a session was not practical, a fixed 
order for the conditions of testing was used with objects as mediators in the first 
session because this choice would not favour our expectation of better performance 
with objects than with the signed algorithm. The sessions were about one week apart. 

Procedure : The sums in session one were presented both in Signed English by 
an expert signer (the second author) and written in arithmetical notation on cards; the 
children signed the result. The word problems were presented in Signed English, and 
repeated as often as needed to ensure that the children understood the situation. 

Results 

l. Difficulties in m astering the signed algorithm 

Although the description of the signed algorithm suggests a straightforward 
process, our analysis of the video-tapes of the children’s learning processes indicated 
that the calculation procedure is complex. The four types of error identified can be 
traced to the operations on the mediating signs. 

F,rst > the ch il dren need to distinguish fingers as countable objects from fingers 
as s ig ns for numbers . When manipulating countable objects in a subtraction, for 
example, it does not matter which objects are removed first. When using the finger 
algorithm, it does matter which fingers are retracted in which order. For example, 
when counting down from 8, if instead of retracting the middle finger the children 
retract their thumb, they go from 8 to 2 instead of 7 (see Figure I). 
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Second, the children need to become experts in counting -down with their 
fingers, a necessary skill for both addition and subtraction in signed algorithm. Three 
types of count-down errors were observed. 

a) Failure to "carry the five" may occur when children count down from 
numbers above 5. If they forget to carry the five, a confusion between 5 and 0 results. 

b) Failure to "carry the ten" may happen when numbers above ten are involved 
in calculation. There are two common ways of signing numbers in the teens (either by 
successive signs indicating one-zero and the number of units or by signing the number 
of units while shaking the hand) and both involve some memory processes. Failure 
to "carry the ten" results in confusing, for example, 14 and 4 or 13 and 3. Failure 
to "carry the five" and "carry the ten" were observed in five of the six children. 

c) "Skipping 5" may be observed when the children count down from a number 
above 6. The thumb must be retracted twice in succession, once going from 6 to 5, 
and then again counting down from 5 to 4. This type of error was only observed in 
the most inexperienced child and even in her case it was not frequent. 

A third difficulty of the algorithm relates to the need to distingu ish the number 
operated on (signed by the hand that works as the pad) fro m the value of the 
transformation being carried out (signed bv the active hand) . If at any point during the 
calculation process the children forget which is which, they reverse the progressive 
transformations, obtaining the wrong answer. This error was observed in two children. 

A fourth source of difficulty was related to a specific teaching choice inkle by 
the teacher. Her aim was to get the children to realise that it is more efficient to use 
the larger addend as the number to be operated on irrespective of where it appears in 
the sum. She thus inverted the order of the addends when the smaller one appeared 
first and some children seemed to become confused. This inversion in the order of 
addends requires that the children understand the commutativity of addition . Although 
the most skilful child in the group had no difficulty in changing the order of the 



addends, all others made some errors when the order of addends was changed. 

In short, the signed algorithm cannot be learned by the simple copying of 
gestures. Children need to understand the algorithm and master the difficulties related 
to the structure of the counting system. However, we wish to point out that the signed 
algorithm also has advantages: it allows the deaf children to mediate and control their 
computation processes rather than leaving computation to the mercy of their ability to 
recall verbal number facts, an advantage that was documented by Moreno (1994). 

2, Differences across testing conditions 

The children s performance in the two problem solving conditions differed 
significantly. The mean number of correct responses for the problems solved with 
objects was 9.45 whereas the mean number for the problems solved with the signed 
algorithm was 1 .98 (p < .001 for a two-tailed t-test for correlated samples). This result 
supports the hypothesis that different mediators affect children’s reasoning during 
problem solving. 

Further analysis was carried out in order to investigate whether it was the need 
to formalize the route to problem solving when using the signed algorithm which led 
to the decrease in the children’s performance. If this is the case, one would expect 
the difference between the two problem solving conditions to be significant only when 
the actions carried out with objects to solve the problems do not correspond to the 
formalization in terms of arithmetic operations, yielding a pattern of non-significant 
differences for direct addition and subtraction problems and significant differences for 
the other sorts of problem used in the study. 

The predicted pattern was observed in a general fashion. There was no 
difference in the children’s performance when the direct problems were considered: 
only one child made a mistake in one of the three direct problems using the signed 
algorithm and another made one mistake with the objects. In contrast, significant 
differences were observed when the actions carried out with objects to solve the 
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problems do not correspond to the formalization in terms of arithmetic operations. In 
the equalize problems, the children performed rather well in the object condition 
(mean = 3.6 correct over 4 problems) but rather poorly in the signed algorithm 
condition (mean = 1); the difference was significant at the .012 level (two-tailed t-test 
for correlated samples). A significant difference was observed also for missing 
subtrahend problems, which children solve with objects by building a set, counting out 
the objects which are said to have remained, and then counting out the objects which 
"were lost" in the story: the mean number of correct responses was 1.7 (in two 
problems) in the objects condition and 0.2 in the signed algorithm condition, a 
difference that was significant at the .001 level (according to a two-tailed t-test for 
correlated samples). The inverse problems (missing addend and missing minuend) 
were rather difficult for the children in both conditions: the mean number of correct 
responses was 0.2 (in three problems) for the objects condition and 0. 1 for the signed 
algorithm condition. Because of the floor effect, no significant difference can be found. 

In short, the comparison between the children’s performance in the two 
conditions indicates that the different mediators affect the children’s reasoning. This 
finding is significant for the education of deaf children because their performance was 
rather good in word problems when they could use their informal reasoning strategies. 
This result contrasts with previous findings that indicated that deaf children are poor 
solvers of word problems. Perhaps the reason for their failure in word problems in 
other studies results from an interaction of the problem presentation (problem^ were 
presented only in English whereas we used Signed English) and the need for the 
children to use written procedures, which, like the signed algorithm, are based on the 
formalization through the choice of an arithmetic operation. 

3. Pattern of development in solving additive reasoning problems 

The preceding comparisons indicated that deaf children’s progression through 
word problem solving is clearly similar to that observed among hearing children: 



direct and equalize problems are easiest, followed by missing subtrahend, and then 
inverse problems when objects are available. Comparison problems were not included 
in this study because Moreno (1994) had observed a floor effect for deaf children of 
this age level. This result suggests that it is the need to perform more operations of 
thought in solving problems that increases their difficulty rather than the particulars 
of the linguistic form used in the word problem, because Signed English uses different 
resources in the presentation of the same problems to children than does English. 

Conclusions 

This study demonstrates in a new way that the systems of signs used during 
problem solving affect reasoning. Deaf children’s errors with the signed algorithm can 
be traced directly to the structure of the counting system and the algorithm used, just 
as the errors observed among hearing children can be traced to the numeration system 
and the mechanics of the written algorithm. Further, the same children solving 
problems with different sorts of representational support perform significantly 
differently. This shows that it is not the children’s deficiency of comprehension but 
their difficulty with formalization that results in poor performance when solving certain 
classes of problems. Finally, the results indicate that deaf children’s progression 
through the conceptual field of additive transformations parallels that of hearing 
children, even if they might, for a variety of reasons, lag behind. 
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TELLING DEFINITIONS AND CONDITIONS: 

AN ETHNOMETHODOLOGICAL STUDY OF SOCIOMATHEMATICAL 
ACTIVITY IN CLASSROOM INTERACTION 

MINORU OHTANI 

Faculty of Education, Kanazawa University, JAPAN 



This eihnomeihodological study investigates how sociomathematical activity in a seventh-grade 
classroom is constructed and sustained. The following discussion consists of two parts. First part 
involves an indication of the theoretical framework and the justification for the methodology used. In 
the framework, sociological constructs, such as participation rights and politics of representations are 
taken as objects for analysis in which mathematical constructs , such as definition and condition play 
methodological units. The second part involves description and interpretation of episodes that 
occurred during a year long classroom participant observation. Analysis of transcripts of records 
reveal that telling definitions and introducing conditions function as social resources widely used to 
sustain privileged participation rights and to dominate particular mode of representation. 



INTRODUCTION 

The investigation has been influenced by the theoretical underpinnings of 
ethnomethodoiogy (Garfinkel, 1969; Leiter, 1980). Central to its formulations is 
the notion that reality is implicitly but deliberately constructed by member of a 
social group. Ethnomethodoiogy investigates member’s methods of creating and 
using sociological constructs, patterns of social interaction such as the famous 
triadic "initiation-reply-evaluation" (Mehan, 1979), and member's accounting 
practice to attain the factual character of the social reality (Ohtani, 1983). 

In mathematics educational research, ethnomethodological and related 
interactionist analysis of mathematics classroom detected several specific patterns of 
social interaction such as the "elicitation pattern" (Bauersfeld, 1994); "funnel 
pattern", "staging pattern", and "thematic pattern" (Voigt, 1995). These research 
showed how teacher and students elaborate and use these patterns in the course of 
social interaction. Resent research envision mathematical aspects of interaction * 
such as the "sociomathematical norms" (Y ackel, 1993; Voigt, 1995) and 
"mathematical rationale" (Kumagai, 1994). 

This article focuses on another aspects of "sociomathematical" interaction. The 
following discussion consists of two parts. First part involves an indication of the 
theoretical framework and the justification for the methodology used. In the 
framework, sociological constructs, such as participation rights and politics of 
representations are taken to the study of classroom mathematical activity in which 
mathematical constructs, such as definition and condition play analytical units. The 
second part involves description and interpretation of an episode that occurred 
during a year long participant observation in a Japanese sevenih-dirade classroom. 
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THEORETICAL FRAMEWORK 



ASPECTS OF SOCIOMATHEMA TICAL ACTI VITY 

Resent research (Bauersfeld, 1994; Cobb, Wood, Yackel, & McNeil, 1992; 

Lam pert, 1990) have a common and persuasive vision of mathematics classroom as 
socioculturally mediated milieu. Different classroom cultures mediate different 
values with respect to classroom interaction, and with respect to mathematical 
activity. In everyday classroom practice, teacher and students coordinate the extent 
to which they participate in a particular mathematical activity. The members role 
in participating mathematical activity, the extent to which they take direct 
responsibility, and innovation of certain discourse type varies across classroom 
practices. In this regard, activity in mathematics classroom is referred to 
"sociomathematical". In this study, two sociological constructs which are related 
with socio mathematical activity are taken as objects for study. These involve 
"participation rights" and "politics of representations". 

PARTICIPATION RIGHTS 

Sociological studies on classroom organization illustrate some systematic patterns 
in teacher student interaction. These interactional patterns are seen as patterns of 
distribution of participation rights allocated for teacher and students. Teacher's 
action such as individual nomination, invitation to bid, and invitation to reply are 
seen as natural methods of transferring rights to the students. And, to raise ones 
hand is seen to get his/her rights to innovate speech. Likewise, interrupting another 
speech means authoritarian act of invading ones rights. In this regard, classroom 
sociomathematica! activity can be characterized as patterns of distributions and 
assertions of rights to participate and accomplish mathematical practice. Such 
distribution pattern of rights is called "mathematical participation structure" 
(Ohtani, 1994a). 

POLITICS OF REPRESENTATION 

Events and objects are vague and ambiguous. The choice of a particular way of 
representing events gives them a particular meaning. There is often a competition 
over the correct, appropriate or performed way of representing objects and events. 
Proponents of various positions in conflicts waged in and through discourse attempt 
to capture or dominate modes of representation. The competition over the meaning 
of ambiguous events and objects in the world has been called the "politics of 
representation" (Mehan, 1993). 

In educational research, a similar competition among representations were 
investigated: decision of learning disabled child (Mehan, 1993); reading (Minick, 
1993); science teaching (Wertch & Foma, 1995); mathematics teaching (Ohtani, 
1993). These studies commonly illustrate that one mode of representing the world 
gains primacy over others, consequently a hierarchy among modes of 
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representations is formed. It is tenable that a similar competition over the meaning 
of events and objects is played out in everyday mathematics classroom discourse. 

DEFINITION AND CONDITION AS ANALYTICAL UNITS 

In search of theoretical constructs that will provide analytical units to investigate 
participation structure and politics of representation, 1 shall draw on the works of 
Lakatos (1976) and Wieder(1974). 

As Lampert (1990) observed, Lakatos portrays historical debates within 
mathematics about what a proof of a theorem represents by constructing a 
conversation among a group of students that contains mixed within it many 
axiological belief system, conceptual horizon among mathematicians over last 
several centuries. In the conversations, Lakatos demonstrated how new knowledge 
develops in the discipline with proof following a zig-zag path starting from 
conjectures and moving to the examination of premises through the use of counter 
examples or refutations. In the midst of an argumentation, revised definitions and 
conditions are progressively introduced in light of refutations. It seems that 
formation and revision of definitions and introducing conditions are indispensable 
and essential components that constitutes mathematical activity. 

However, relative differences between social and psychological life of 
mathematicians and students need further consideration of aspects of formulating 
definitions and introducing conditions in institutional settings. In this regard, 
Wieder's study on "convict code" in a halfway house (Wieder, 1974) gave insight 
for the development of analytical units. In his participant observation, Wieder 
found that convict code not only serves as moral order that residents should 
observe but also serve as interpretive cognitive framework for staff to explain 
residents' deviant behavior. Further, he depicted that convict code operates as a 
devise for urging or defeating a proposed course of action, a devise for legitimately 
declining a suggestion or order. 



DESCRIPTION AND INTERPRETATION OF EPISODE 

i 

DATA COLLECTION 

The episode 1 shall examine here comes from a seventh-grade classroom (with 
thirty two students) in a junior-highschool located at Tsukuba city, Japan. A year 
long participant observation starts April 1993, when the author enter the class as 
teaching assistant. Every lesson, three times a week, was audio-video taped for 
later analysis. These records are transcribed and utterances and nonverbal behavior 
are attributed to speakers and numbered for ease of reference. 

DATA ANALYSIS METHODS 

Microethnography or "constitutive ethnography" (Mehan, 1979) was adopted for 



data analysis strategy. This strategy is characterized as "structuring structures" 
(Mehan, 1979). The constitutive ethnography studies both recurrent patterns of 
interaction occurring in classroom and members' methods of structuring activity 
that results in these patterns. A comprehensive analysis of the entire corps of data 
generates a provisional scheme of interaction. The scheme is constantly confronted 
by discrepant cases until the researcher has derived a candidate recursive pattern. 

In order to insure that the recursive pattern or structure uncovered by the 
researcher converges with that of the participants, 1 adopt the research strategy that 
is analogous to "breaching study" (Garfinkel, 1967). This methodological 
procedure consists in observing participants actions where normal circumstances 
are disrupted. The interactional work become visible when normal circumstances 
are disrupted. In a disruption, people engage in recovery work to reestablish the 
normal patterns of interaction. This recovery work displays and informs what is 
normally hidden interactional work that accomplishes normal forms of interaction. 

RESULTS 

In the course of analyzing huge amount of data corpus, 1 found that mathematical 
definition and condition operate as social and multi-consequential devise for 
coordinate and sustain classroom social interaction. 

PARTICIPATION RIGHTS 

I shall outline an episode that will provide some illustrations of pattern of 
interaction with regard to mathematical conditions. In the beginning of a lesson, 
teacher assign a task to concerning to elaborate a convenient way to calculate mixed 
addition and subtraction of positive and negative integers. The teacher invited 
students to propose six integers arbitrary. In the following excerpt, the teacher and 
students are designated by T and SS, and individual student is designated by his/her 
initial. 

#01 T I Hey, you. (points to KN| 

#02 KN ; Minus three. 

#03 T I [writes the number) Next, (points to HN| 

#04 HN I Minus three. 

#05 T I (writes the number and points to MN( 

#06 MN I Minus one. 

#07 T I (writes the number and nods to KE| 

#08 KE ! Plus one. 

#09 T I Huh? <2> (with a puzzled look| You’re going to// 

#10SS Yeah! Yeah! (many talking out] 

#1 1 T ! (points to HK| 

#12 HK .* Pius ten. 

1 3 SS ; (giggling] 
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#14 T : How come (•••)? <2> | loudly | What! What's the matter? | points to OT| 
#I5 0T! Minus ten. 

#16 SS : [laughing) 

#17 T ! [introduces operations: (-3) + (-3)— (-1) — (-1)— (+10) +(-IO)| 

#18 OT : Damn you. 

#19 HG ! Damn you. Why? Malicious! Malicious! 

In the transcripts, the teacher successively nominate students and the students 
propose integers. The students, however, successively propose quite simple and 
trivial integers whose absolute values are the same (#02, #04, #06, #08). The 
teacher implicitly suggests students that their proposals are irrelevant (#09). 
Students none the less welcome simple number combinations (#10) and propose 
further trivial integers (#12, #15). This means that normal circumstances are 
disrupted. In such a disruption, the teacher introduces arithmetical operations to 
reestablish normal patterns of interaction (#17). I observed that, in his recovery 
work, introducing conditions (arithmetical operations) serves as a means to defeat 
students ideas and proposals and to suggest appropriateness of integers student 
should propose. 

POLITICS OF REPRESENTATION 

The following episode will provide an illustration of politics of representation 
with regard to mathematical definitions. The students are working on linear 
equation using balance beam. The problem is as follows. 

In a balance beam chocolates and candies are leveled. 

There are three chocolates on the left side and six candies 

on the right side. How many candies are leveled to one chocolate? 

The teacher nominated a student (SH) and ask him to show his solution. SH 
proceeded to the board and manipulated concrete objects. He removed one 
chocolate from the left side and two candy from the right side and arrived at an 
equality of two chocolates to six candy. The episode begins as they start to work' on 
the equality. 

#01 T 
#02 
#03 
#04 
#05 SH 
#06 T 
#07 
#08 
0 

ERIC 



There are six candies. Now we need the number of candies to a chocolate. 
It's easy to find that the answer is tree (candy), because there are six 
candies for two chocolate. Can you tell us about what you did? What did 

you do? 

! | no response | 

Look this. | pointing to a list of the equivalent transformation simplify- 
cation procedures! Which one did you use? This one [multiply both side | 
or that one |devise both side|? Which one? Divide both side .... or 
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#09 multiply? 

#10SH : Multiply. 

#1 1 T ! Multiply. What do you multiply both side. <2> To both side, what do you 
#12 multiply? 

#13 SH I Same number. 

#14 T ! Huh, the same number. Now, tell us what's that. 

#15SH ! Two. 

#16 T I Multiply by two? Um. <3> If you multiply two, what are the results. 

#17 SH : Four (....) | in audible| 

#18 T ! Four X. <2> And this side. 

#19SH : (. ..) (in audible| 

#20 T : What? 

#21 OT ! Twelve. 

#22 T .* it's twelve, isn't it. But, you see, equation is, <2> you see, this is a 
#23 equation with unknown X. Okay? <2> In sum, to solve an equation, ... 

#24 What we should do? A solution of an equation is <2> is transformed into 

#25 H X equals to" <3> Shh! Guys shut up! [loudly | "X equals to something". 

#26 Then, the solution must be in the form "X equals", or "one chocolate 

#27 equals to." Now we have arrived that two chocolate equal to six candies. 

#28 Isn't it a reverse procedure if you multiply two to the both side? <2> 

#29 You see we have arrived that two chocolate equal to six candies. We 

#30 should transform to "X equal". What do you do. What number to 
#31 multiply? 

#32SH .* X (....) (in audible] 

#33 T ! Multiply by X? <2> If multiply X by X, then what's the result? 

#34 SH ! [no response | 

#35 T ! To the power of? 

#36 SH l (Two) 

#37 T i X squared. It isn't correct. Tell us what number do you multiply? 

#38 SH I [no response) 

#39 T i Um, um. Okay, let me ask the question to somebody. Huh, Ipoints to ST | 
#40 ST, are you ready to join? Can you tell me what you did. 



In the transcripts, the teacher expect the student SH to use equivalent 
transformation simplification method (#01 #04). The student SH, however, did not 
respond to the teacher (#05). The teacher again ask SH which equivalent property 
can be used (#06-#09). He replied wrong answer (#15). Here the expected 
interaction wad disrupted. The teacher implicitly suggested that his answer are not 
correct (#16). In such a disruption, the teacher told formal definition concerning a 
solution of an equation in order to reach expected solution (#22-#3 1 ). The student 
SH none the less present wrong answer (#32). The teacher eventually employed 
— )st powerful and common method that is to nominate excellent student to reach 
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correct solution (#39-#40). 

In this episode, it seems that the teacher and the student SH have been guided by 
different situation definitions. The teacher represent the situation in terms of 
mathematical notion of equation-solvig procedures such as the equality relation and 
system properties. The student SH, however, represent the situation in terms of 
vernacular and everyday knowledge of balance beam, chocolate, and candy. An 
inspection of the protocol shows that telling formal definition serves as a means of 
privileging decontextualized formal representation over contextualized vernacular 
representation of balance beam. 



DISCUSSION 

SOME FEATURES OF TELLING DEFINITION AND CONDITION 

Analysis of the episodes shows that telling definitions and introducing conditions 
function as social resources widely used in order to sustain privileged participation 
structure and to negotiate certain representation of problem situation rather than 
cognitive resources used to analyze and describe problem situation and to construct 
mathematical dialogue. 

Condition functions to regulate students' mathematical activity in ways that are 
appropriate for the classroom setting. And by introducing condition the student 
engages in a process sanctioned and regulated by the teacher. Condition becomes 
directive of imperative which he is expected to follow. 

Definition functions as a strong implicit message that decontextualized mode of 
representation should be privileged, even if another mode could be used to describe 
an objects or event more appropriately and usefully in activity settings. Thus, in 
place of diversity or heterogeneity, telling mathematical definition designs to get 
the student to participate in formulating the problem in particular way. 

In sum, telling mathematical definitions and conditions are much more a method 
of moral persuasion and justification that involve the following social functions: to 
sanction and defend unexpected or insignificant interaction with students; to defeat 
students ideas and proposals; to justify teachers control over students; to attain a 
degree of uniformity of what it transmits, and so on. 



CONCLUDING REMARKS 

The study showed that telling definition and condition create a social reality for 
students and showed some of the way in which telling definition and condition was 
persuasive and consequential. However, the investigation itself raised several 
additional questions to show how telling definition and condition was productive of 
a social world of real events and to show how talk could be heard as telling 

o 



definition and condition. These questions require a closer look at experience of 
students than ethnographic reportage of it. It require a turn from a description of 
events and objects which were experienced by the ethnographer to a description of 
the course of experiencing those occurrences as events and objects. 
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MAKING SENSE OF CHILDREN’S PATTERNING 
Jean Orton and Anthony Orton, University of Leeds, U K. 

Different types of pattern questions were given to over one thousand 10-13 year olds. 
Correlations between the different types - strings , cycles, tables, linear and quadratic 
- were found to be high. Information from individual interviews was used to inform 
the analysis. Stages , tracing progress through the linear questions , were suggested 
for the responses and were found to conform to a Guttman scale. Levels , based on 
qualitative considerations , were more appropriate for the quadratic questions and 
were compared with the levels of the SOLO taxonomy. 

Rationale and previous research 

Over recent years, patterning activities have become a feature of the 
mathematics curriculum, and attempts have been made to measure the effect and value 
of such experiences in quality and amount of learning. To what extent are children 
able to perceive, understand and use patterns in generalizing, in coming to terms with 
algebra, and in problem solving? As a result of their monitoring of mathematical 
performance from 1978 to 1982, the APU (undated) wrote that: “finding terms in 
number patterns gets progressively more difficult the further the terms are from those 
given in the question, more pupils can continue a pattern than can explain it; number 
pattern rules are described by a large proportion of pupils in relation to differences 
between terms, and generally, oral explanations of rules ... are given by more pupils 
than can write an explanation”. Lee and Wheeler (1987) used both linear and 
quadratic patterns with students aged 15 to 16. They suggested that two kinds of 
students were successful, namely those “who hit upon a usable pattern perception and 
pushed it through”, and those “that were flexible in pattern perception and could see a 
new pattern when one was unproductive”. Stacey (1989) used linear generalizing 
problems with students aged 9 to 13. As well as documenting student methods she 
reported that “the constant difference property was widely recognized and could be 
used by a large majority” to move from one term to the next, and also that it was 
common to find students who moved “from a correct linear model to a direct 
proportion model for harder parts of a question”. Pegg (1992) reported on three 
studies, for all of which the major innovation was the adoption of the SOLO taxonomy 
of Biggs and Collis (1982) as the theoretical perspective. Redden (1994) described a 
study based on linear generalizing problems in which, again, the SOLO taxonomy was 
used as a theoretical framework for interpreting the data. Our work sought to explore 
pupils’ responses to a wide range of pattern questions. What patterns are noticed by 
pupils? To what extent can stages or levels be used to classify pupils’ patterning 
ability? 

Test items and responses 

A written questionnaire was used with 1040 pupils from Years 6, 7 and 8 (ages 
10-13). Thirty of the children were also given individual interviews and asked, for 

o 



each task on the questionnaire, how they had obtained their answer. The conclusions 
discussed herein are based both on the written responses and on an analysis of the 
interview data. The final version of the questionnaire, adapted from that used in a 
pilot experiment (Orton and Orton, 1994) contained five types of questions, referred to 
subsequently as strings, cycles, tables, linear and quadratic. In this paper the question 
numbers in [ ] brackets indicate position on the questionnaire. 

Strings , Cycles and Tables 

There were five strings, for all of which students were requested to “fill in the 
next number”, for example [ 1 ] 1 3 5 7 and [4] 1 2 4 8 16. Performance 

was generally good on strings, yet [4] proved to be at least as difficult as the cycles 
questions. The pupils’ responses clearly indicated that differencing was automatic, 
and for some was the only strategy available. Two examples of cycles ([6] and [15]) 
are provided here. The questions required pupils to “fill in the missing numbers 
(shapes, letters)”, and facilities were high. The questions referred to as tables were all 
structurally quite different from each other, and again pupils were asked to “fill in the 
missing numbers”. Question [12] is given as an example. The data obtained from the 
strings, cycles and tables were used in the subsequent analysis, but space precludes 
any detailed discussion of the results and the nature of the responses. 
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Linear 



The two items in this category were based on linear functions. Each item 
included a number of questions based on a particular problem situation. Such items 
have been referred to as superitems in some of the literature (Collis, Romberg and 
Jurdak, 1986). The two problem situations were: 



[16] A bicycle hire firm charges £2 per hour to hire bicycles. 

How much will it cost to hire a bicycle for ... hours ? 

[17] Bobby has just got a new job selling encyclopedias 

His basic wage is £16 per week but he gets a bonus of £5 on top of this 
for every set of encyclopedias that he sells. 

In a particular week he sells ... encyclopedias. How much was he paid ? 



The questions required students to state the cost (wage) for 1, 2, 3, 4, 5, 6, hours 
(sets), for 20 hours (sets), for 100 and for n. Students were also asked to explain how 
to work out the cost from the number of hours (wage from the number of sets), before 
going on to deal with n hours (sets). The results are shown in Table 1 . 
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Table 1 : Facility levels (percentages correct) for Linear Questions [16] and [17] 



[161 / [17] 


Next few 


20th 


100th 


nth 


Year 6 


95.2 /68.3 


89.0/56.8 


74.5 / 47.5 


1.4/0. 7 


Year 7 


95.7 /69.3 


89.1 / 52.3 


79.2/41.7 


10.4/7.0 


Year 8 


97.7/79.6 


94.1 / 69.9 


87.8 /62.1 


25.6/ 19.4 



Quadratic 



The quadratic questions, [9], [10] and [11], were all based on the three 
sequences. A, B and C respectively, marked on the triangular array of numbers: 




Write down three things you notice about the numbers in the loop. 

If there were more rows of numbers in the triangle, what number would come 
next in the loop? 

What would be the 20th number in the loop? 

What would be the 100th number in the loop? Can you see a simple rule for 
working it out, and if so, what is it? 

What would be the nth number in the loop? 

In general, the quadratic questions proved very difficult for the children About 
half of the pupils managed to give the next number in each loop, but the many 
arithmetical errors reduced the facilities for the 20th and 100th numbers, and few 
could cope with the nth term Over half of all pupils omitted the question about a 
simple rule for Loop A and this rose to about 80 per cent for Loop C. As in Question 
[17], facilities for Year 6 pupils were sometimes higher than for Year 7, but these 
differences were not significant. The written responses to what was noticed in each 
loop show that many children focused on the differences between successive terms or 
described what was noticed in. terms of addition. The alternate pattern of odd and 
even numbers in Loops A and C was also widely noticed. 



Table 2 : Facility levels for the Loop A / B / C Quadratic questions 



A/B/C 


Next 


20th 


100th 


nth 


Year 6 


46.9/45.9/45.5 


4. 1 / 3.4 / 0.0 


4.1 / 0.7 / 0.0 


0.0/ 0.0/ 0.0 


Year 7 


45.7 / 52.0 / 36.6 


16.2/3.8/0.5 


12.4/ 1. 8/0.2 


‘4.1 / 0.7 / 0.2 


Year 8 


64.4/61.3 /45.9 


28.2/14.0/2.3 


21.3/8.8/0.9 


15.4/7.2/2.5 



0 

ERIC 

J3 * 



Correlations 



As well as a total Score for the whole questionnaire, five separate scores were 
obtained for Strings, Cycles, Tables, Linear and Quadratic. A matrix was then 
obtained, showing correlations between these six scores and Age; 





Age 


Strings 


Cycles 


Tables 


Linear 


Quadratic 


Strings 


0.242 












Cycles 


0.099 


0.260 










Tables 


0.099 


0.270 


0.369 








Linear 


0.230 


0.420 


0.328 


0.332 






Quadratic 


0.236 


0.364 


0.268 


0.314 


0.467 




Score 


0.248 


0.568 


0.612 


0.722 


0.761 


0.702 



[AJ1 correlations were highly significant (p < 0.002, n = 930) 
Data was not used for pupils who did not complete the paper ] 



Although some correlations are more significant than others, it is enough to record that 
these values confirm relationships between all pairs of scores. There are no surprises 
here. Basically, children who are competent on one type of pattern are also competent 
on the other types. 

It was decided to pursue the analysis further, and to use factor analysis to see if 
it exposed any useful further information However, the Kaiser-Meyer-Olkin measure 
of sampling adequacy proved to be too low (Norusis, 1990), at 0.293. By removing 
the variable Score all the remaining variables had suitable measures of sampling 
adequacy (close to 0.8), and a high value was obtained for the Kaiser-Meyer-Olkin 
statistic. The procedure was continued with a Principle Components analysis. Only 
one factor produced an eigenvalue greater than 1.00 (41.3% of the variance), and thus 
Varimax Rotation was not applicable. This factor appears to represent overall 
patterning ability, perhaps not surprising, with the highest loading on Linear. Thus 
the factor analysis did not provide much additional information, but nor did it produce 
any unexpected or embarrassing surprises. 

Stages and Levels 

Several attempts were made to investigate stages in the development of 
patterning ability An earlier study reported in Orton and Orton (1994), had revealed 
that the capabilities of adults answering quadratic pattern questions in an examination 
situation could be classified in stages. The four questions which made up the 
superitem in that earlier study involved stating the next, 10th, 50th and nth term in a 
sequence based on dot patterns If a student was able to answer a particular question 
they were always able to answer all the previous questions, and thus the stages of 
development were: 





4-86 



Stage 


0 


1 


2 


3 


4 




No 

progress 


Next term 
provided 


Next and 
10th terms 


Next, 10th and 
50th terms 


Next, 10th, 
50th and nth 



This was a deceptively simple classification which proved difficult to apply in the 
present study. It was not always the case that a correct 100th term had followed a 
correct 20th term and it was difficult to know what to do with pupils who provided a 
satisfactory response to the nth term but who had not provided a correct 20th or 100th 
term or both. This led to subdivisions of the stages to cover all the possibilities, using 
the letters t, x and y to indicate errors in the next, 20th or 100th terms respectively. 
Thus a child who gave the correct 100th term but the wrong 20th was classified as at 
Stage 3x, while a pupil who provided the correct 20th but not the next term was at 
Stage 2t. Other subdivisions were used at Stage 4: 

Stage 4a A correct verbal statement, 

Stage 4b A creditable attempt at an algebraic expression. 

Stage 4c A correct algebraic representation, but not necessarily the simplest. 
The classifications in Tables 3a and 3b nevertheless do provide some information 
about the stages that pupils had reached on the two linear questions. Progression 
through the three years is self-evident. The percentages for Stage 4c indicate that a 
small but growing number of pupils are able to present an adequate algebraic 
representation. And the percentages of pupils within Stage 4 reveal quite rapid and 
continuous progress in the ability to descnbe verbally or algebraically or both in 
Question [16], and significant progress between years 7 and 8 in Question [17]. The 
evidence we have confirms that a verbal description is often available to pupils when 
an algebraic statement is not. 



Table 3a: Percentages of pupils reaching particular stages in Linear Question [16] 



Stage 


4c 


4b 


4a 


4 


3 


2 


1 


0 


Year 6 


1.4 


0.0 


54.5 


55.9 


23.4 


11.7 


6.2 


2.8 


Year 7 


8.5 


1.9 1 


57.0 


67.4 


16 1 


8.7 


5.9 


1.9 


Year 8 


21.6 


4.0 


53.8 


79.4 


11.7 


4.0 


3.8 


1.2 



Table 3b: Percentages of pupils reaching particular stages in Linear Question [17] 



Stage 


4c 


4b 


4a 


4 


3 


2 


1 


0 


Year 6 


0.7 


0.0 


23.0 


23.7 


23.7 


14.4 


21.6 


16.5 


Year 7 


5.0 


2.0 


21.6 


28.6 


17 6 


8.8 


27.1 


17.8 


Year 8 


14.4 


4.8 


26.3 


45.5 


21.0 


7.8 


17.4 


8.3 



The fact that responses were often difficult to classify in Stages, for such 
reasons as an incorrect 100th term but a correct nth term, raises the question of 
whether our procedure was legitimate. The Guttman (1941) coefficient of 
reproducibility provides a measure of whether such digressions from a strict hierarchy 
are critical. Applying this analysis to our original data indicates that the responses can 
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be classified in a true Guttman scale. (For [16] R=0.98 and for [17] R=0.96.) 
However, there has been considerable discussion of the legitimacy of this procedure 
(for example Moser and Kalton, 1971). Chilton (1969) discusses different error 
counting procedures and for the present study it was decided to use the method of 
Loevinger which Chilton describes to give the maximum score for errors. Chi-square 
procedures were also used to reject the possibility that the questions were 
independent. Moser and Kalton (1971), however, have suggested that all facilities 
should fall between 20% and 80%, which suggests some uncertainty about our 
conclusion. 



Attempts to use a similar procedure with the Quadratic Questions were less 
satisfactory, because so few pupils were able to progress beyond Stage 1 in questions 
[10] and [11]. Thus a different procedure was adopted in which pupils’ overall 
responses were placed at one of five levels: 

Level 0 No progress at all. 

Level 1 Pupil notices some properties of the numbers, with 
perhaps partial patterns described. 

Level 2 Pupil notices a pattern but this is not described so 

as to allow the next number(s) to be derived, 

Level 3 Pupil knows how to derive the next number(s) using 

patterns extrapolated from the differences, 

Level 4 Pupil shows clear evidence of understanding the 

relationship, though an algebraic formula may not be articulated. 
Thus for Question [9], ‘some numbers are odd’ and ‘16 and 36 are in the four times 
table’ would be at Level 1; ‘odd even odd even ...’ and ‘differences are odd’ would be 

at Level 2; ‘add 3, 5, 7, 9, 1 1, 13 and so on’ and ‘keep adding the next odd number’ 

would be at Level 3; and ‘times the row number by itself and ‘lxl, 2x2, 3x3, ...* 
would be at Level 4. 



In the pilot test paper pupils had been asked, “What can you say about the 
numbers that are inside the loop”, and many had confined their response to one 
observation. In order to obtain more information about what was actually noticed the 
wording for the main study test was changed to, “Write down three things you notice 
about the numbers in the loop”. This produced a wider range of observations, but then 
it was necessary for pupils to select which of their observations to use in the 
calculation of further terms. Individual interviews revealed the dangers of us wrongly 
assuming which method pupils were using to work out the next term. For example, 
some pupils noticed that the differences increased by 2 but used a counting-on 
procedure based on an extension of the triangle to work out the next term. Others 
mentioned (in Question [9]), ‘It goes up by 3, 5, 7, but then focused on a different 
pattern (16, 36, 56, ...) and gave 56 as the next term (in fact 8 per cent of all pupils 
answered 56). Individual interviews confirmed that some pupils who mentioned, for 
Question [9] or [ 1 1 ], that the differences go up by consecutive odd numbers were not 
aware that this pattern would continue for further numbers in the loop. For this reason 



it was decided that Level 3 should not be awarded to pupils who had spotted the 
difference pattern unless they were also either able to give correctly the next term in 
the loop or had given sufficient evidence of the application of their difference method. 
It was recognized that there was a risk of allocating only Level 2 to some pupils who 
had applied the difference method but made numerical errors, and that there was also a 
risk of allocating Level 3 to pupils who had observed the difference pattern, not 
realizing that it could be extended, but had used some other method to achieve the 
correct answer. 

Some responses to the questions revealed improvement, that is a progression of 
levels through the three questions, although this could have been because of better use 
of language and not necessarily the development of understanding. There was also 
some indication of other pupils becoming tired of writing down observations. 
Certainly, for one reason or another, the number who left the observation section 
blank increased from 10 per cent in Question [9] to 30 per cent in Question [11] 
Using this classification system, the results in Tables 4a, 4b and 4c were obtained for 
the Quadratic Questions. Many pupils achieved some success with Question [9], 
though it is startling that the number of pupils who did not recognize the square 
numbers was so high. Combining the facilities for Levels 3 and 4 gives a good 
indication of how well pupils could cope with interpreting the number patterns, and 
clear progression between Years 7 and 8 is evident. 



Table 4a: Percentages of pupils classified at particular levels in Question 19] 



Level 


4 and 3 


4 


3 


2 


1 


0 


Year 6 


30.6 


6.8 


23.8. 


25.9 


31.3 


12.2 


Year 7 


38.5 


20.3 


18.2 


21.6 


28.2 


1 1 7 


Year 8 


53.7 


29.1 


24.6 


24.8 


13.9 


7.6 



Table 4b: Percentages of pupils classified at particular levels in Question [10] 



Level 


4 and 3 


4 


3 


2 


1 


0 


Year 6 


24.7 


0.7 


24.0 


40.4 


20.5 


14.4 


Year 7 


37.6 


5.4 


32.2 


35.8 


14.9 


11.7 


Year 8 


47.1 


13.1 


34.2 


31.9 


7.9 


12.9 



Level 


4 and 3 


4 


3 


2 


1 


0 


Year 6 


25.5 


0.0 


25.5 


24.1 


18.6 


31.7 


Year 7 


25.7 


0.7 


25.0 


24.5 


20.0 


29.8 


Year 8 


35.0 


2.7 


32.3 


22.3 


116 


31.1 
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It is not appropriate to attempt to use the Guttman coefficient of reproducibility 
here because decisions about levels are not made on the basis of dichotomy. 
Responses are not simply right or wrong, but have to be judged in terms of quality. 
Instead, it is possible to relate our procedure to the SOLO model for the development 
of intellectual functioning. Working within the concrete operational stage, the match 



is good but not exact. There is clear justification for regarding Level 4 as the 
‘relational’ level of the SOLO taxonomy. Level 3 as ‘multistructural*. Level 1 as 
‘unistructural’ and Level 0 as ‘pre-structuraF. Level 2, however, appears to fall 
between multistructural and unistructural, and therefore appears to suggest the need 
for an intermediate ‘partial-’ or ‘ semi-mult istructural’ level in order to cater for 
considerable numbers of responses. 

There will always be difficulties in attempting to classify children's levels of 
thinking. Written responses can be illuminated by oral explanation but there is the 
possibility of misinterpretation of any answer, oral or written, and some pupils seem 
uncertain of what is required and may fail to respond at all. Nevertheless some form 
of classification helps to clarify the overall picture and it is hoped that our attempts 
will enlighten the development of better research instruments. 
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CHILDREN S INTUITIVE UNDERSTANDING OF AREA MEASUREMENT 
Lvnne Outhred and Michael Mitchelmore 



School of Education, Macquarie University 



This paper describes the strategies that young children used to solve rectangular area 
measurement tasks before being formally taught about area . These strategies are classified 
into five levels which appear to be developmental. Three crucial principles which children 
seemed to learn are that the rectangle must be covered without gaps or overlap; that it may 
be covered by a tessellation of squares; and that the number of units along each side can be 
found by measuring the linear dimensions. The implications for teaching length and area 
measurement are then addressed. 

Despite being one of the most widely taught measurement concepts in the primary school, 
the concept of area is misunderstood by many children in the age range of seven to eleven 
years (Bell, Hughes, & Rogers, 1975). There is also a considerable body of evidence that 
suggests area is not well understood at secondary school (Clements & Ellerton, 1995; Bell, 
Costello & Kiichemann, 1983). For example, Foxman, Ruddock, Joffe, Mason, Mitchell, & 
Sexton (1983) found that only 55% of eleven-year-olds in the UK could find the number of 
unit squares that would cover a T shape, given the lengths of its sides. When the term “area” 
was used the percentage of students who were successful dropped to 25%. Students were 
more successful when a square grid was shown superimposed on the shape than when they 
were given side lengths, presumably because the grid emphasised the covering aspect of 
area and because they could simply count the squares. 

Prospective elementary teachers’ knowledge of area has also been reported as inadequate. 
Simon and Blume (1994) indicated that although the student teachers in their study 
responded to area problems by multiplying, their choice of operation was often the result of 
having learned a procedure or formula for the area of a rectangle rather than the result of a 
solid conceptual link between their understandings of the relationship between side length 
and area. In a study by Tierney, Boyd and Davis (1990) many student teachers were 
observed to: confuse area and perimeter; apply the formula for finding the area of a 
rectangle to plane figures other than rectangles; consider area as “length x width”; use linear 
rather than square units; and equate changes in linear dimensions to changes in area (for 
example, many students believed that if the lengths of the sides of a square were doubled so 
would be its area). 

There is general agreement that children’s difficulties with rectangular area concepts are 
due, in part, to an emphasis on the formula and that if children do not understand the 
significance of partitioning regions into unit squares, any attempt to teach procedures to 
calculate areas will at best be learned by rote (Carpenter, Coburn, Reys & Wilson, 1975). 
To overcome the problem of rote application of formulae, concrete materials have been 
widely recommended as the basis on which to build abstract concepts. However, a number 
of research studies have indicated that children do not grasp the relationship between 
different forms of representation of mathematical ideas, in particular, between concrete 
activities involving covering rectangular figures and the formula for rectangular area 
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(Dickson, 1989; Hart, 1987, 1993). Moreover, the materials used to measure areas may 
affect children’s thinking. Doig, Cheeseman & Lindsey (1995) in a study of eight- year-old 
children found that children who used wooden dies to cover a surface were twice as 
successful as children who used paper tiles, because using wooden tiles avoided many 
potential problems such as overlap and gaps. Moreover, children may be able to find the 
number of unit squares that cover a shape but not realise that they are calculating the area 
(Bell, Costello, & Kiichemann, 1983). 

Children’s drawings give further insights into their understanding of basic area concepts. In 
a small study of Year 6 and 7 children in Jamaica, Mitchelmore (1983) found that while 
most students gave the correct values for the areas of different shapes, none could draw unit 
squares in a given size rectangle and the children still had difficulties after practising 
covering and tiling activities. The conceptual problem would not be apparent using concrete 
materials, for the materials may so structure the array that children do not relate its 
construction to the dimensions of the rectangle. However, drawing tessellations of squares 
in a rectangle may focus children’s attention on the relationship between the number of area 
units that cover a rectangle and the lengths of its sides, because the children have to 
determine how many units will fit along the adjacent sides. 

Linking linear dimensions to rectangular area was identified by Simon and Blume (1994) as 
being difficult for student teachers. These authors suggested that learners need to 
understand the area of a rectangle as a quantification of surface and to visualise it as 
measurable by a rectangular array of units. The student teachers had a sense of the structure 
of a rectangular array, and seemed able to think about the target quantity as a combination 
of rows of area units. What was needed, Simon and Blume inferred, was the opportunity to 
develop a sense of how the linear measures and the area unit determined the shape and size 
of the array. 

The current paper describes an investigation of how young children intuitively relate the 
area of a rectangle to its linear dimensions, part of a larger study (Outhred, 1993). The 
research questions were: 

• What strategies do young children use to find rectangular areas before being taught 
the area formula? 

• Can children's strategies be reliably classified into a sequence of developmental 
levels? 

To provide answers to these questions, a large sample of children were observed as they 
solved a number of area measurement tasks. 



The sample consisted of 1 15 children, with approximately equal numbers of boys and girls 
from a range of cultural groups, randomly selected from Years 1 to 4 in four schools in a 
medium socioeconomic area of Sydney. Children were presented with twelve array tasks, 
involving drawing, counting, and measurement skills; tasks were presented in a fixed order. 
The interviewer inferred children’s strategies from a combination of observation and careful 
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questioning as the children worked through the tasks. In this paper, only the measurement 
tasks will be discussed. Two measurement tasks (MT1 and MT2 below) were given to 
investigate children's understandings of the relation between side length and area. An 
additional measurement task (MT3) was given to 43 children as an extension activity. 

The first task (MT1) was designed to tap basic concepts of covering using an informal unit. 
The unit (a 2 cm cardboard square) was provided and the children were asked to work out 
how many such squares would be needed to cover an 8 x 8 cm square shown on a sheet of 
paper. As the children were only given one unit they had to mark the rectangle in some way 
to work out how many congruent units would be needed to cover the figure. In this task the 
array could be constructed without "formal" measurement, for example, by repeatedly 
tracing the square. 



MT1 



□ 



MT2 



The purpose of the second task (MT2) was to identify the strategies children used to find 
the number of standard units that would cover a rectangle using a ruler. The children were 
asked to work out how many 1 cm squares would be needed to cover a 6 x 5 cm rectangle. 
A square was shown to indicate the size of the units. Before they began this task the 
children were asked to measure the length of a 10 cm line to check their linear measurement 
skills. Success on task MT2 depended both on children's linear measurement skills and on 
their knowledge of the relation between linear measures and the structure of an array of 
squares. 

A third task (MT3) was presented to children who measured at least one dimension on task 
MT2. This task was included to assess whether children who were able to determine the 
number of squares that would cover a rectangle could extend this concept to a task that 
involved the construction of more complex units. The task also served as a challenge for the 
children who could answer the core interview questions easily. The children were asked to 
work out how many 2 cm squares would be needed to cover an 8 x 10 cm rectangle when 
neither rectangle nor unit was shown. 

Results 

In this section the strategies that children to solve each task are briefly described and then 
categorised into five developmental levels. 

Classification of strategies for task MT1 

1. 1 Unsystematic estimation. In these strategies, children had no way of ensuring that they 
covered the region without gaps or overlapping. Thirty percent of children used such a 
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strategy and none of them correctly found the number of units that would cover the square. 
For example, some children did not refer at all, or only made a visual reference, to the 
cardboard unit 

1.2 Moving and marking. The most common strategies seemed to be analogous to the 
physical action of covering the rectangle and involved systematically moving the square 
over the figure and marking its position in some way each time it was moved. 

In some strategies, children marked either a side or a comer to keep the size of the unit 
constant. Twenty four percent of the sample used such strategies, of whom 62% correctly 
found the number of units. For the children who marked the endpoint of each unit move, 
this strategy was reasonably precise; errors usually resulted from adding extra rows or 
counting inaccurately. 

The most common and accurate form of marking, however, was to trace the cardboard 
square repeatedly. Thirty four percent of the sample used this strategy, of whom 76% 
correctly found the number of units. This strategy was usually successfully executed, 
perhaps because (as when constructing the entire tessellation using cardboard squares) the 
material stmctured the array. 

1.3 Informal measurement of side length. Twenty two percent of the sample used the given 
square to find how many units fitted along each side of the rectangle. Of these, 86% were 
successful in finding the number of units which covered the rectangle. 

Classification of strategies for task MT2 

In the second task the unit was shown pictorially but not supplied as a concrete unit. 
Therefore, the most commonly used strategies for MT1, moving and marking, could not be 
used. Thus, this task should be more effective in showing understandings of area than the 
more concrete task. About a fifth of the sample did not know how to measure the length of 
the line and were not asked to complete the second part of the task. 

2.1 Array not completed. In addition to the 21% of children who could not measure length, 
a further 16% of the sample could not use a ruler to woik out how many squares would 
cover the shape. Although these children had measured the line they usually drew individual 
squares with little regard to the size of the unit shown and to covering the region. 

2.2 Array estimation. The main characteristic of this category is that, while children 
constructed an array, they used no reliable method of determining unit size. Twenty three 
per cent of the sample used such strategies, but they were rarely accurate, only two children 
obtaining the correct answer. If children estimated units along adjacent sides, then drew the 
array, they would essentially relate area to side length in the same way as children who 
measured the sides. However, only one child appeared to do this. 

2.3 Measurement of one dimension. In these strategies, children measured one side of the 
rectangle and estimated the other. Fourteen percent of the sample used such strategies but 
only one child was successful. The technique used by nearly all of the children who used 
these strategies was to place the ruler along the top of the rectangle, mark or count units 



along the ruler, then slide the ruler down (estimating the vertical distance) and repeat the 
procedure. 

2.4 Measurement of both dimensions. These strategies were used by 26% of the sample and 
85% of these children obtained the correct solution. They involved the measurement of 
adjacent sides of the rectangle by marking each unit and either drawing the array; drawing 
squares along the two sides; or working out the number of units from side marks. A few 
children measured each side and multiplied the lengths. 

Classification of strategies for task MT3 

The strategies used to solve task MT3 provided additional information about the factors that 
make area a difficult concept for children. This measurement task was the most difficult 
because neither rectangle nor unit was shown. Moreover, the unit was a two centimetre 
square so measurements had to be coordinated in each dimension. The most common 
strategies were to draw an array; to mark off length units along the sides; and to calculate 
the number of squares from the length units without drawing. For example, Kelly (Year 4) 
without drawing explained that “You could halve each length so it’s 4x5”, while Tarun 
(Year 4) said “Every 2 cm is 1 so 10 is 5 and 8 is 4, so it's 5x4.” 

Classification of strategies into levels 

Consideration of the strategies that were observed for the three tasks suggest that there are 
five levels in children’s responses to rectangular area measurement tasks. 

Level 1: Inadequate covering. Children do not realise that the whole surface must be 
covered with equal units; so they leave gaps, overlap units, or do not keep unit size 
constant. 

Level 2: Enactive covering. Children realise that the whole surface of the rectangle must be 
covered. However, they may have difficulty ensuring that the covering is systematic and 
that the units are congruent. 

Level 3: Array constructed, units estimated. Children realise that a tessellation of units gives 
a systematic covering of the surface. However, they do not see the relation between the size 
of the array and the lengths of the sides of the rectangle. 

Level 4: Array constructed, one length measured. Children see the relation between the size 
of the array and the length of one side of the rectangle, but because they focus on one 
dimension, either rows or columns, they have difficulty constructing an accurate array. 

Level 5: Array constructed, both lengths measured. Children measure or mark off units on 
both sides of the rectangle. This step seems to be essential for children to generalise from a 
tessellation of standard units (e.g., square centimetres) to a complex unit tessellation (e.g., 
two centimetre squares). 

This sequence is developmental in the sense that each level would appear to be a 
prerequisite for the next level. However, each child did not solve all the tasks at the same 
level. For example, some children who used an estimation or tracing strategy (level 3) for 
MT1 used a level 4 or 5 strategy for MT2 and MT3. We may surmise that, at any given 
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point in time, a child can operate up to a certain level but that the actual level employed to 
solve a particular task will depend on the specific demands of that task. 

The empirical data tend to support the developmental nature of the above sequence. For 
example, most Year 1 students could not attempt MT2 although many traced the number of 
units that would cover MT1. Year 2 children predominantly used an estimation strategy for 
MT1 but a number had progressed to measuring one side length in solving MT2. By Year 3 
and 4, a considerable proportion of the sample (about a third of Year 3 and three quarters of 
Year 4) measured the lengths of adjacent sides of the rectangle in some way in order to find 
its area. 



Discussion 

The above five-level classification of children's strategies incorporates three key principles 
of rectangular area measurement: 

Principle 1: The rectangle must be covered by unit squares without overlaps or gaps. 

Principle 2: The unit squares must be congruent and aligned in an array with the same 
number of units in each row (and column). 

Principle 3: The number of units in each row and in each column can be determined from 
the lengths of the sides of the rectangle. 

The role of multiplication appears not to be crucial to an informal understanding of 
rectangular area measurement, although it would of course be essential to an understanding 
of the area formula. We therefore list it here for completeness: 

Principle 4: The number of units in a rectangular array is the product of the number of units 
in each row and in each column. 

Previous research on rectangular area measurement has tended to concentrate on Principles 
1 and 4. The other tasks included in the present study but not reported here have already 
thrown light on how children learn to construct the rectangular array structure in Principle 2 
(Outhred & Mitchelmore, 1992). The contribution of the present paper is to emphasise the 
significance of Principle 3, which appears to have been completely neglected in the 
literature. It may seem self-evident to adults that the numbers in the array must depend on 
the measurements of the sides, but it is clearly not self-evident to children. Let us consider 
why this is the case, and how children might be helped to learn Principle 3. 

The basic problem that children who have learned Principles 1 and 2 have to solve is. How 
many unit squares fit along each side of the rectangle? Only if the unit square is physically 
available can this question be answered directly (as in Strategy 1.3 above). Otherwise, 
children must first realise that the length of a side (in centimetres) specifies the number of 1 
cm unit lengths that will fit along that side; and then, that this number determines the 
number of unit squares that will fit along the side. Children's errors in measuring both the 
single line and the sides of the rectangle in MT2 suggest that many children had a purely 
instrumental understanding of linear measurement. Common errors included measuring 
from one end of the ruler (instead of the zero mark); measuring from the 1 mark; and 
0 



counting marks instead of spaces. Other children repeatedly shifted their ruler 1 cm at a 
time, reminiscent of Strategy 1.3. Clearly the principle of ruler use (if you put the zero mark 
against one end of the line, the number against the other end of the line gives the number of 
1 cm spaces) demands quite a degree of relational understanding. But this level of 
understanding would seem to be essential if the length of a side is to be related to the 
number of unit squares which will fit along it, especially if the side of the unit square is not 
1 cm. 

The learning of Principle 3 of rectangular area measurement would therefore seem to be 
dependent on a relational understanding of linear measurement, and in particular the use of 
a standard ruler. The teaching implication is that measurement with a ruler should not be 
taught simply as a mechanical skill. The ruler could instead be seen as only one of a number 
of ways of solving the general problem, How can you find how many of some unit length fit 
along a given length? For example, children might construct and label their own, non- 
standard “rulers'* (such as 1 m strings marked every 10 cm). It would also be valuable for 
children to draw accurately the tessellations they make with concrete materials. Such 
experiences would help children understand area measurement by providing a closer link to 
length measurement. 
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RESPONSIVENESS: A KEY ASPECT OF SPATIAL PROBLEM SOLVING 

Kay Owens 

University of Western Sydney, Macarthur 

Responsiveness emerged as a key aspect of spatial problem solving during an 
analysis of qualitative data gathered on primary school students engaged in spatial 
problem solving. Responsiveness may be regarded as a composite result of various 
cognitive processes including selective attention and affective processing as 
illustrated by an example. Theoretical and methodological issues are also discussed. 

Background 

The study described in this paper is essentially an investigation into the effects on 
primary school children of a program of spatial learning experiences. Typically spatial 
training studies have involved secondary or tertiary students in programs based on 
difficult two-dimensional and three-dimensional tasks (summaries in Eliot, 1987; Lean, 
1984; Owens, 1990 & 1993). The studies by Del Grande (1987), Flores (1995), Lewis 
(1995), and Smith and Schroeder (1979) are exceptions but used mainly quantitative 
analyses. The qualitative study now reported explored how young children learned 
through spatial problem-solving experiences. The study involved the same learning 
experiences that had been shown to improve spatial thinking processes of primary 
school students (Owens, 1992b, 1993a & 1993b). The series of ten sessions— based on 
activities with pentominoes, tangrams, pattern blocks, and matchstick designs-were 
suitable for Year 2 and 4 students and encouraged some analysis and imagery. 

Some studies into the thought processes of primary school children have used 
interviews but only a small number of students, concepts, or contexts have been 
involved (Mansfield & Scott, 1990; Wheatley & Cobb, 1990). The present study 
involved a large number of students, many concepts (ranging from shape concepts to 
angles and symmetry and other shape attributes) and 1 2 different classrooms. 

Methodology 

Spatial thinking is a mental activity and, as such, is not easily studied. The review of 
the literature indicated that retrospective comment was a reasonable approach for 
studying cognitive processing (Owens, 1990) by adults. This kind of data, however, 
needed to be supplemented with observational records when young students were 
involved. Further, the students participated in the activities in classrooms and so 
special procedures were needed to carry out a qualitative study. Several concerns were 
specifically met: 

1 . Controls for achieving reliability and validity with data were assisted by (a) 
purposefully selecting experiences, groups, and samples and (b) carefully recording, 
categorising, and making counts of described variables. 

2. Observations were interpreted in terms of the theoretical position of the 
researcher and research literature (particularly on visual imagery, Goldin, 1987, 
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Osborne & Wittrock, 1983) bill this did not limit the importance of unexpected results. 
Categories and relationships which were conjectured were further tested and modified 
in new situations. 

3 The use of novel problems with concrete materials generated better quality 
retrospection data The use of small groups encouraged children to talk freely and 
comment during the activities and during video-replay. 

4. To some extent observation supported and was supported by verbal reports, but 
both methods of data collection provided their own forms of data 

5 Counts of examples of categories and connections between categories formed the 
basis of conjectures arising from patterns of behaviour or cognitive processes. 

I he use of observational and interview techniques for assessing thinking seems to 
be important and pertinent considering the recent emphasis on alternative assessment 
procedures in mathematics education and on drawing inferences from classroom 
discourse (Clarke, 1989, Stenmark, 1989). 

Procedure for the Qualitative Study 

The procedure involved selecting students in different samples, video-recording 
these students as they attempted to solve the spatial mathematics problem, describing 
incidents in the students' process of solving the problems, aligning these incidents with 
specified categories and subcategories, and following a grounded-theory approach to 
developing a "story-line" (Strauss & Corbin, 1990). A computer spreadsheet was used 
to record the descriptions of each incident and to record categories. These could be 
used for searching for patterns and for crosstabulations The computer techniques were 
valuable in assisting the research process. 

Several samples of students were selected from different situations (as 
recommended by Strauss & Corbin, 1990) 

Stage J. Data were obtained from two groups: (a) 52 adults (teacher-education 
students tor whom the problems were novel) who commented on their thinking both as 
they worked through the problems and immediately afterwards, and (b) 13 children 
who worked alone on the spatial problems with minimal intervention from any other 
person and who commented on their thinking spontaneously or immediately 
afterwards From this data, categories and subcategories were developed to form the 
basis for analysing the data obtained in the next stage (1994b). 

Stage 2. There were two samples: (a) 12 students who worked in groups of three 
(two groups from Year 2 and two from Year 4), and who were asked how they were 
thinking immediately after working on each spatial problem (video-playback and oral 
reference to incidents were used to stimulate recall); and (b) 167 children (77 in Year 
2 and 90 in Year 4) in six primary classrooms in Australia. The children were matched 
by school, year, class, and pretest score and randomly allocated to either a group in 
which students worked individually near others or a group in which students worked in 
small cooperative groups. Analysis of data led to the development of a model and 
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descriptions of aspects of learning through problem solving. These descriptions 
suggested relationships between the categories of thinking processes which hail been 



Stage 3. The "story-line" which was developed was checked by using two lurther 
samples: (a) 180 students in Grades 2 and 4 in Papua New Guinea who were placed 
into either the individual or group learning situation, and (b) 54 students (Yeais 2 and 
4) from another Sydney region who were matched by Year and pre-test sclioic and 
randomly allocated to the different groups. 

In stage 2 over 120 video-taped sessions were analysed, Imch problem-solving 
session was considered as a series of incidents. An incident was defined as a relatively 
short period of time during which actions, expressions, or discourse changed as a 
result, it seemed, of changes in cognitive processing and interactions with people or 
materials I or each incident, students’ spoken comments and observations of their 
actions and expressions were recorded and coded in terms ol the defined categoiies 
and subcategories. The categories covered interactions between the students and the 
teacher, the use of concrete materials, and the cognitive processes suggested by the 
actions, words, and expressions of the students. These processes included affective 
processes (such as feelings), heuristics (such as tactics and decisions about progress in 
solving the problem), the use of concepts (such as what parts distinguish a particular 
shape), and the use of visual imagery (Owens, 1993, 1994a; Owens & Clements, in 
press). 

Conjectures were made about how the various categories related to each other, 
from crosstabulations of subcategories, from "immersion" in the data, and from 
deliberate attempts to look for links and to check these links (Strauss & Corbin, 1990), 
patterns of relationships between subcategories were developed. T hese were illustrated 
extensively by examples (Owens, 1993). l our other researchers watched video-tapes 
and classified incidents in order to check and improve the classification process. T he 
investigation generated a model which encapsulated students thinking processes and 
their responsiveness during spatial tasks. I he emphasis in this paper is on 
responsiveness - a key composite variable which emerged from the data during the 
study. ’ 



Students’ responsiveness during active engagement in problem-solving activities is 
precipitated by their own thinking and feelings I heir responsiveness affects the 
immediate social and physical environment which, in turn, influences the peisons 
thinking. It may, for example, be a change in position ol concrete materials or a verbal 
reply by another student. This is illustrated in figure I 

Responsiveness implies a degree of understanding as well as involvement and 
interest in the activity. T here is an ongoing dynamic relationship between students and 
their environment (that is to say, other students, the teacher, the classroom, and the 
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Responsiveness 
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lask). Responsiveness embraces the kind of personal involvement and empathy which 
l ischbein (1987) associated with intuition, and Mason (1994) with "l-You" awareness 
in constructing concepts from "l-lt" experiences. 




Responsiveness 

l\rsun . . 

Links concepts and imagery to 
materials 

Manipulates materials 
Applies heuristics 
Records, displays, describes 
Notices aspects of materials / people 
Expresses feelings 

Communicates with teacher / students 




Context 




Cognitive Processing 


leacher 




Selectively attending 


Materials 




Perceiving, listening, looking 


set problem 




Intuitive thinking 


availability 




Heuristics 


placement 




establishing meaning of problem 


Other Students 




developing tactics 


comments 




self-monitoring 


cooperation 




checking 


Classroom 




Imagining 


groupings 




Conceptualising 


seating 




Affective processes 


expectations 




response to organisation, success 


time constraints 


Influence 


confidence, interest 

tolerance of open-ended situation 



( 'ontext . . . 

Influences perceptions especially 
seeing and hearing 
Affects feelings 

Affects the opportunity to manipulate 
► Disrupts thinking 

Encourages certain thinking patterns 
Encourages / discourages communication 




Figure /. Aspects of problem solving. 

Changes in cognitive processing and in the learning environment occur throughout 
the period of a student's engagement in a learning experience. Hie student is 
continually perceiving, thinking and feeling, and then responding, and this dynamically 
affects the learning context. There is often a "snowballing" effect, not only on 
participation, but also on the extent and quality ol imagery, concepts, understandings, 
and pioblem-solving tactics. I he cyclical interaction pattern represented in Figure I 
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provides for growth and continuity like a spiral, and tor oveilap ot cycles like a double 
helix 

Cognitive processing embraces attending, perceiving, listening, looking, visual 
imagining, conceptualising, intuitive thinking and heuristic processing. Cognitive 
processing also incorporates affective processes such as reactions to the organisation 
of the classroom and to success, coniidence, interest, and tolerance of open-ended 
problems. Points involving critical change in thinking are likely to involve both 
changes in affect and changes in understanding. 

There is no hierarchy of cognitive processes suggested by the present model, and 
this is the case also in Goldin's (1987) model Both models suggest that mental 
representations during problem solving arise from interactions between different noil- 
hierarchical "languages" (Goldin, 1987). By contrast. Pine and Kieren's (1991) model 
assumes there is a hierarchy in the development of students understanding (from rich 
imagery to conceptualising, structuring and inventising) although their notion of 
“folding back” recognises the need to return from levels such as "formalised 
conceptualising" to earlier levels of thinking such as image making. The four models 
(developed by Goldin, Owens, Osborne & Wittrock, and Pirie & Kieren) refer 
specifically to visual imagery. The roles of imagery and selective attention have been 
discussed elsewhere (Owens, 1994a, 1995; Owens & Clements, in press). 

Cognitive Processing Influencing Responsiveness 

An example, will illustrate how responsiveness is often influenced by affect. In the 
second spatial activity James, a Year 2 student, was thoroughly involved in making 
new tetromino and then pentoinino shapes from square breadclips. He also enjoyed 
commenting and in other ways expressing his achievements and feelings of pleasure. 
“Names” are used for different designs as illustrated and each paragraph (para.) is 
numbered for referencing in comments below. 

1 James continues to count how many he has made, comparing his number with his 
friend’s number. 

2 Using four squares, he makes a "Z," checks that it is all right and then makes a "cross" 
avoiding repeating the Z 

3 His friend points out "it is half here,” so he changes it to a "TV • 

4 He begins with five squares, deliberately positioning the pieces to make a Z Then he 
makes a "lineZ". 

5 He notes his friend’s shape saying "Yours has three columns, mine has two; she copied 
me." (Each made the lineZ in different orientations.) 

6 The teacher suggests that they work together but he keeps making shapes quickly and 
happily, commenting on how well he is going. He uses a tactic of beginning a new 
shape with "three-in-a-row." He counts his shapes and says 'Tin beating her." He 
knows what he is making before he completes the shape, showing joy before he finishes 
making the shape He places three-in-a-row, and daps as he makes a "C." 

7 He cannot recognise the "odd” shape in different orientations despite moving his body 
to assist orientation He changes the shapes to' make the easily-recognised shapes ’’L3" 
and the "square-like shape," comparing the incomplete shapes with his short-term 
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memory images of those lie lias made (that is, lie is not physically glancing at his 
shapes) 

He changes his tactic from starling with three-in-a-row to beginning with four-in-a- 
row He makes the "L4 " 

He quickly grabs the Iasi live breadclips so that lie can make another shape 
He wants to make a car but ends up with lineZ, globally deciding it is different and says 
"Oh, I can't make any more.” His activity wanes when the teacher asks if they can find 
any shapes that are repeated in the group's work. 

He recognises the repeated lineZ and L4 



I here are several points lo note about James' responsiveness. First, a friendly 
competition existed between the students and this motivated them to participate and 
achieve (paras I and 6). Certain alTcctive characteristics are evident in his behaviour- 
his responses to his successes (paras I and 6), his competitiveness (paras I, 6, and 9), 
his desire to make shapes (para, 9), and his loss of interest at the end (para. 10). 
Second, James' use of imagery influenced his responsiveness— not only his 
manipulation of materials (paras 3, 4, 7 and 10), but also his comment to his friend 
(para. 5) and his self-assessments (paras 6, 10, and II) which tend to keep him on 
task. His imagery helps him to slay on task (paras 6 and 10). Third, he assessed or 
monitoied his own progress on the task and this, too, influenced his responsiveness. 
He showed his monitoring by expressing how he was progressing (para. I and 6) and 
by changing his tactic in an appropriate way (paras 8 and 10). Finally, he expressed his 
understanding and knowledge (paras 3, 4, 5, and II). The changes in his responses 
(paras 3 and 10/11) were precipitated by comments to him by his friend and by the 
teacher. Thus we see how his responsiveness was affected by (a) his understanding of 
the problem, (b) his use of visual imagery associated with comments by other students 
and the teacher, (c) his self-monitoring, and (d) his attitudes. At the same time, we can 
see how his visual imagery and tactics improved. 

Mandler (1987) and McLeod (1993) have analysed the role of affect in learning 
and there can be no doubt that affect is an integral part of thinking influencing 
responsiveness. Positive feelings were strongly associated with deliberate 
manipulations (based on crosstabulalions of categories), possibly because deliberate 
manipulations were likely to be associated with achieving results for the problem. 
Feelings were frequently associated with student self-monitoring. Much of this 
checking was achieved by placing pieces together or by looking and comparing pieces 
or configurations. The children expressed their feelings verbally on many occasions, 
and by attracting the teacher’s attention, by clapping, and by smiling. Students working 
by themselves were generally positive about themselves working on the tasks, and in 
these cases interactions assisted the individual learners whereas the students working 
in groups were more inclined to show positive feelings about the task. 

Students who experienced positive feelings about a task and themselves were 
motivated to continue to explore aspects of the task (cf. Goldin, 1988). These feelings 
weie commonly associated with success as a result ol deliberate manipulations, 
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analytic conceptualising, and pattern and procedural imagery (Owens, 1995). Once 
students had developed a tactic, they usually worked well on a problem, and if they 
succeeded, they were then motivated to continue to try ideas and to keep on-task even 
if more advanced concepts and visualisations were needed. 

In the orientation phase of problem solving a degree of uncertainty was tolerated, 
and negative feelings were usually mellowed by students making a start based on 
visual intuitive approaches, play, or interactions with others. A student occasionally 
might express negative feelings towards another student by making the task 
competitive or by disrupting productive work. Both positive and negative feelings were 
frequently manifested through interactions with others. 

The teacher interacted in response to students' facial expressions, successes, 
uncertainty, and loss of interest. Students felt uneasy when the teacher questioned 
them. This may have been because the teacher was trying to help students with a 
difficult task such as generalising or disembedding parts of a shape. Alternatively, 
beliefs and established routines about mathematics classrooms (e g., in some 
classrooms, no talking, no looking around, giving the answer that the teacher wants), 
seemed to influence interactions and to impact on the behaviour of students and the 
extent to which they were prepared to talk and share ideas with others. 

In Summary 

This paper has noted the way in which cognitive processing influences students’ 
responsiveness which in turn influences the problem-solving environment and further 
learning. Responsiveness, although previously not recognised by mathematics 
education research, would appear to be an important variable influencing participation 
and performance in mathematics. 
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The objective of this research is to clarify the relationship between a teaching proposal - usual 
in our country - concerning the first algebra teaming ; and the meanings built by the students. The 
study is based on class observations made in a first year course of secondary school, which introduces 
the algebra by means of first degree equations with cut unknown. Our analysis shows that the didactical 
proposal, on the one hand, emphasizes the continuity with arithmetics and, on the other hand, causes a 
fracture with the students 1 previous knowledge. Hypotheses about the meanings built by the students by 
means of this approach are posed Some significant meanings are identified, which would be out or 
would be restrained by sttch ideas, in spite af the proposal success in relation to the teacher's goals. 
Moreover, it is pointed aut that the observed system does not recognize as an objective to introduce the 
algebra through problems for which it is necessary. 



1. Introduction 

The purpose of our research is to identify the appropriation conditions of 
elementary algebra in secondary school students. Having set our interest in the first 
learning, we are essentially thinking about the use of letters as variables and unknowns. 

Considering the theoretical and methodological frame of the Theory of Situations 
(Brousseau, G.; 1987) of Didactics Engineering (Artigue, M.; 1988) and of the 
instrument-object Dialectics (Douady, R.; 1986), in order to move forward in our 
research it is a priority to know better the relationships between the existing teaching 
proposals and the meanings the students get about the algebraic objects. Only by taking a 
certain distance, and defining the algebra teaching in our school today, as an object to be 
known, could we go beyond the position of extreme criticism that only shows the poor 
achievements of the students 

As many researchers have pointed it out (Cortes,A.-Verepaud,G.-Kavafian,N * 
1990; Chevallard,Y.;1984), the algebra learning implies a significant epistemological 
break. From this perspective, we therefore planned to make a set of observations of 
introductory algebra lessons and to analyze the proposals of the text books that are 
important references for teachers. 

The objective of this report is to clarify partly the system supplies and demands in 
the Grst learning of algebraic tools, the proposed object approaches and the assignments 
to be learnt in. order to be successful m this matter. We basically intend to identify the 
meanings that are left out, even by learning well everything required by the system. 

The work is based on observations made in a first y^ar course of secondary school 
(12- 13 -year-old students). The selected school was a public one in the suburbs of the city. 
A school with a good reputation, where a work environment in the classrooms and among 



the teachers was better than the usual The obsei^ved teacher - who offered to help with 
our research - has a good reputation, was able to keep the attention of the students, 
showed a good work with their mistakes, and considering the results of a final evaluation, 
to a great extent achieved the goals that she had set to herself Whenever necessary, we 
will add the following to these observations: mentions to the used text book; data taken 
from a exploratory questionnaire made to a group of over one hundred 12 to 17-year-old 
children of another school; an interview made several months later to the class teacher 
and a clinical interview made to two girl students considered by the teacher to be among 
the best of the class. 



2. Purposes of the System 

The observed system teaches the beginning of the algebraic through the study of 
first degree equations with an unknown in seven lessons All the assignments done by the 
students not only during the lessons, but also in a subsequent evaluation, were related to 
the achievement of these two purposes: 

-To translate from the colloquial language into the symbolic one (that is to say, to 
put a problem or a word relation into equation). 

-To solve equations 

The purpose of this paper is to show some matters that remain dark in spite of 
the achievements of these objectives and that could hinder the understanding of the 
different algebraic objects in the future. 



3. T he equation object at school 

Equation is a definable notion in the field of the Mathematics Logic Its precise 
definition, as a propositional function does not seem to be within the 12-1 3-year-old 
students' possibilities that make their first approach to the use of letters as variables and 
unknowns. Y Chevallard (1985) states that it is about a paramathematical notion, that is 
to say, a tool notion of the mathematical activity that is not normally object of school 
teaching. Although the system is not intended for students to learn "what is an 
equation?", in order for the students to acquire with meaning the different algebraic 
objects that the system does state as teaching objects (quadratic equations, linear 
equations with more than one variable, inequalities functions), it will be necessary for the 
students to start building different approaches to the equation concept This involves the 
elaboration of the root concepts, truth set, variable, equivalent equations, and so on 

In spite of the complex nature and of the difficult definition of the "equation" 
object, the subject of the first degree equations with an unknown is started with a general 
definition of equation As a consequence of this, they appear overlapped - and at first 
without possibilities of differentiation for the 12- 13-year-old student - two concepts of 
different nature the equation concept and the first degree equation with a variable 
concept. The definition given to both concepts is that of"equality with unknown". 

We will not pause to analyze this identification between the equation notion and 
the first degree equation notion We will try instead to describe in detail some problems 
that arise from the definition of equation as ^equality with unknown". 

What concepts do the students acquire from this presentation? It seems that the 
students deal simultaneously with two ideas of "equality with unknown". The first one is 
connected with the form of the expression and would be related to the presence of a sign 



